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Administration

HWS5 is due on Tue, Nov 10.

Today's plan:
@ one new topic (HMMs)
o HW4 review

@ more exercises

Next week's plan:
o final topics: multi-armed bandits and reinforcement learning

@ only multiple-choice questions in Quiz 2
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(Hidden) Markov models

Markov Models

Markov models are powerful probabilistic tools to analyze sequential data:

@ text or speech data
@ stock market data
@ gene data
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i.e. the current state only depends on the most recent state (notation Zi.
denotes the sequence 71, ..., Z;).
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(GIEEEDRVETCALIEEE  Markov chain

Definition

A Markov chain is a stochastic process with Markov property: a
sequence of random variables 71, Zs, - - - s.t.

P(Ziy1 | Z14) = P(Ziy1 | Z4) (Markov property)

i.e. the current state only depends on the most recent state (notation Zi.
denotes the sequence 71, ..., Z;).

We only consider the following case:
e All Z,'s take value from the same discrete set {1,...,S}

® P(Zyy1 =8| Zy = s) = asy, known as transition probability

o P(Zy=3s)=ms4
o ({ms}, {ass}) = (m, A) are parameters of the model

5 /40
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Examples

e Example 1 (Language model)

States [S] represent a dictionary of words,
%ice,cream = P(Ziy1 = cream | Z; = ice)

is an example of the transition probability.
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Examples

e Example 1 (Language model)

States [S] represent a dictionary of words,

%ice,cream = P(Ziy1 = cream | Z; = ice)

is an example of the transition probability.

e Example 2 (Weather)

States [S] represent weather at each day

Asunny,rainy = P(Zi11 = rainy | Z; = sunny)

6/ 40
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Markov chain
High-order Markov chain

Is the Markov assumption reasonable? Not completely for the language
model for example.

Higher order Markov chains make it more reasonable, e.g.
P(Zi1 | Z1t) = P(Zys1 | Zey Zi—1) (second-order Markov)

i.e. the current word only depends on the last two words.

Learning higher order Markov chains is similar, but more expensive.

We only consider standard Markov chains.

7/40



(Hidden) Markov models

Graph Representation picture from Wikipedia

It is intuitive to represent a Markov model as a graph
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o 2171,...,21’T
o -
o Zn,17---azn,T
. .
® ZN,1y---3ZN,T
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(GIEEEDRVETCALIEEE  Markov chain

Learning from examples

Now suppose we have observed N sequences of examples:

@ 21 1,..-, 21T

°

@ Znty---5 20T

°

® ZN1,---,ENT
where

o for simplicity we assume each sequence has the same length T’

@ lower case z,; represents the value of the random variable Z,, ;

From these observations how do we learn the model parameters (7, A)?

9/ 40
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In P(Zy.r = z11)

= Zln P(Zy =z | Z14—1 = 21:4-1) (always true)
t=1
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Finding the MLE

Same story, find the MLE. The log-likelihood of a sequence z1,..., 27 is

In P(ZLT = Zl:T)

[l
M=

InP(Zy = 2 | Z1:4—1 = 21:0—1) (always true)

~
Il

1

Il
M=

ImP(Zi =2z | Zi1 = ze-1) (Markov property)

~~
Il

1
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Finding the MLE

Same story, find the MLE. The log-likelihood of a sequence z1,..., 27 is

In P(ZLT = Zl:T)

[l
M=

mP(Z =2z | Zi4—1 = 21:4-1) (always true)

~
Il

1

Il
M=

ImP(Zi =2z | Zi1 = ze-1) (Markov property)

t=1
T
=lnm, + Z Ina, .,
t=2
T
= Z]I[zl = s]lnms + Z (Z Mzi1 = 58,2 = 5/}) Inag ¢
s s,s’ t=2

10 / 40
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argmax Z(#initial states with value s)In 7,
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+ Z(#transitions from s to s')Inag ¢

s,s’



iy
Finding the MLE

So MLE is

argmax Z(#initial states with value s)In 7

A s

+ Z(#transitions from s to s')Inag ¢

s,s’

We have seen this many times. The solution is:

T X FEinitial states with value s

ass < #transitions from s to s

11/ 40
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Example

Suppose we observed the following 2 sequences of length 5
@ sunny, sunny, rainy, rainy, rainy

@ rainy, sunny, sunny, sunny, rainy



(GEEEDRVER VAN Markov chain

Example

Suppose we observed the following 2 sequences of length 5
@ sunny, sunny, rainy, rainy, rainy

@ rainy, sunny, sunny, sunny, rainy

MLE is the following model
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Markov Model with outcomes

Now suppose each state Z; also “emits” some outcome X; € [O] based
on the following model

P(X;=o0|Zi=5s)=bsp (emission probability)

independent of anything else.
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Markov Model with outcomes

Now suppose each state Z; also “emits” some outcome X; € [O] based
on the following model

P(X;=o0|Zi=5s)=bsp (emission probability)

independent of anything else.

For example, in the language model, X; is the speech signal for the
underlying word Z; (very useful for speech recognition).

Now the model parameters are ({7}, {as s}, {bso}) = (7, A, B).

13 / 40



(GIEEERVETCANEEEN  Hidden Markov Model

Another examp|e picture from Wikipedia

On each day, we also observe Bob’s activity: walk, shop, or clean,
which only depends on the weather of that day.

14 / 40
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Joint likelihood

The joint log-likelihood of a state-outcome sequence z1, 21, ..., 27, X7 is

In P(Zl;T = Zl:TaXl:T = xlIT)
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Hidden Markov Model
Joint likelihood

The joint log-likelihood of a state-outcome sequence z1,x1,..., 27, T IS

In P(leT = Zl:TuXI:T = $1:T>
=InP(Zir =z17) + W P(X1.7r =217 | Z1.r = z1.7)  (always true)
T T

= ZIHP(Zt = Zt ’ Zt—l = Zt—l) + ZIHP(Xt = Tt ‘ Zt = Zt)
t=1 t=1
(due to all the independence)
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Hidden Markov Model
Joint likelihood

The joint log-likelihood of a state-outcome sequence z1,x1,..., 27, T IS

In P(Zy.r = 217, X1.7 = 71.7)
=InP(Zyr = z17) + M P(Xor = 217 | Zvr = z1r)  (always true)
T T

= ZIHP(Zt = Zt ’ Zt—l = Zt—l) + ZlnP(Xt = Tt ‘ Zt = Zt)
t=1 t=1
(due to all the independence)

T T
= 1117'(‘;;1 + E In (T E In bZtyfft
t=2 t=1
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Learning the model

If we observe N state-outcome sequences: 2, 1,ZTn1,--.,2n,T, TnT fOr
n=1,...,N, the MLE is again very simple (verify yourself):

ms X FFinitial states with value s
as s o< Ftransitions from s to s’

bs,, x F#state-outcome pairs (s, 0)

16 / 40
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Learning the model

However, most often we do not observe the states! Think about the
speech recognition example.

This is called Hidden Markov Model (HMM), widely used in practice

How to learn HMMs? Roadmap:

o first discuss how to infer when the model is known (key: dynamic
programming)

@ then discuss how to learn the model (key: EM)

17 / 40
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Inferring HMMs
What can we infer about an HMM?

Knowing the parameter of an HMM, we can infer
o the probability of observing some sequence
P(XI:T = fEl:T)

e.g. prob. of observing Bob's activities “walk, walk, shop, clean, walk,
shop, shop” for one week
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Inferring HMMs
What can we infer about an HMM?

Knowing the parameter of an HMM, we can infer
o the probability of observing some sequence
P(XlzT = fEl:T)

e.g. prob. of observing Bob's activities “walk, walk, shop, clean, walk,
shop, shop” for one week

o the state at some point, given an observation sequence
P(Zy = s | X1.r = z1.1)

e.g. given Bob's activities for one week, how was the weather like on
Wed?

18 / 40



Inferring HMMs
What can we infer for a known HMM?

Knowing the parameter of an HMM, we can infer

o the transition at some point, given an observation sequence
P(Zy=5,Zt11 =5 | X1.r = 217)

e.g. given Bob's activities for one week, how was the weather like on
Wed and Thu?
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Inferring HMMs
What can we infer for a known HMM?

Knowing the parameter of an HMM, we can infer

o the transition at some point, given an observation sequence
P(Zy=5,Zt11 =5 | X1.r = 217)

e.g. given Bob's activities for one week, how was the weather like on
Wed and Thu?

o most likely hidden states path, given an observation sequence

argmax P(Zy.r = z1.7 | X170 = 21.7)
21:T

e.g. given Bob's activities for one week, what's the most likely
weather for this week?

19 / 40
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Forward and backward messages

The key to infer all these is to compute two things:

o forward messages: for each s and ¢

as<t) = P(Zt = 37X1:t = xl:t)

@ backward messages: for each s and ¢

Bs(t) = P(Xiy1.7 = Tiq1:7 | Ze = 8)
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Key: establish a recursive formula

as(t)
= P(Zs = 5, X1t = 214)
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(Hidden) Markov models

Computing forward messages

Key: establish a recursive formula

as(t)
= P(Zt =S, Xl:t = wl:t)
=P Xt = | Zy = 8, X141 = 21:4-1)P(Zs = 8, X1:4-1 = T1:-1)
= b, Z P(Zy=38,Z11 =5, X14-1=T1.4-1) (marginalizing)
"
= bs ZP(Zt =s|Zi-1 = ¢, X141 = v14-1)P(Zi-1 = &', Xquo1 = 21:40-1)

s/
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Computing forward messages

Key: establish a recursive formula

as(t)
=P(Zy =5, X1:4 = 2124)
=P X =t | Zt = 5, X1:—1 = T1:4—1)P(Zt = 5, X141 = T1:4—1)

= bsa, ZP(Zt =521 =5,X1:0-1=T1:41) (marginalizing)
S/

= bs 1, ZP(Zt =5|Zi-1 =8, X141 = 214-1)P(Z4—1 = 8/, X1:4-1 = T1:4-1)

S,
= bs Z g sag (t — 1) (recursive form!)
S/
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Computing forward messages

Key: establish a recursive formula

as(t)
=P(Zy =5, X1:4 = 2124)
=P X =t | Zt = 5, X1:—1 = T1:4—1)P(Zt = 5, X141 = T1:4—1)

= bsa, ZP(Zt =521 =5,X1:0-1=T1:41) (marginalizing)
S/

= bs 1, ZP(Zt =5|Zi-1 =8, X141 = 214-1)P(Z4—1 = 8/, X1:4-1 = T1:4-1)

S,
= bs Z g sag (t — 1) (recursive form!)
S/

Base case: a4(1) = P(Z) = s,X1 = x1) = msbs 2,

21/ 40
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as(t) = bsz, Z ay sog (t—1)
Sl
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Forward procedure

Forward procedure
For all s € [S], compute a(1) = Tbs 4, -
Fort=2,...,T

e for each s € [S], compute

as(t) = bsz, Z ay sog (t—1)
Sl

It takes O(S?T) time and O(ST) space.
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Computing backward messages

Again establish a recursive formula

Bs(t)
= P(Xi41.70 = Teq17 | Zy = S)
= Z P(Xi1.r =t Zeyr = 5’ | Zp = 5) (marginalizing)

sl



(Hidden) Markov models

Computing backward messages

Again establish a recursive formula

Bs(t)
= P(Xiy1.70 = Toq1.7 | Zp = 5)
= Z P(Xi1.r =t Zeyr = 5’ | Zp = 5) (marginalizing)

sl

= ZP(ZtH =5 | Z = s)P(Xyp110 = Tey1r | Ze1 = s, 2y = s)

8/
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Computing backward messages

Again establish a recursive formula

Bs(t)
= P(Xi41.17 = Te1r | Zi = 8)
= ZP(XH-I:T =t Zip1 =8 | Zy = 5) (marginalizing)

S/

= ZP(ZH-l =5'| Zt = 5)P(Xojrr = w17 | Zea = 8, Z = s)

Sl

= Zas,s’P(Xt—‘rl = Tt+1 \ Ziy1 = Sl)P(Xt+2:T = Tt+2:T | Ziy1 = 3/)

S
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Computing backward messages

Again establish a recursive formula

Bs(t)
= P(Xi41.17 = Te1r | Zi = 8)
= ZP(XH-I:T =t Zip1 =8 | Zy = 5) (marginalizing)

S/

= ZP(ZH-I =5'| Zt = 5)P(Xojrr = w17 | Zea = 8, Z = s)

Sl

= Zas,s’P(XH-l =141 | Zey1 = SI)P(Xt+2:T = T21 | Ziy1 = Sl)
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s/
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Computing backward messages

Again establish a recursive formula

Bs(t)
= P(Xi41.17 = Te1r | Zi = 8)
= ZP(XH-I:T =t Zip1 =8 | Zy = 5) (marginalizing)

S/

= ZP(ZH-I =5'| Zt = 5)P(Xojrr = w17 | Zea = 8, Z = s)

Sl

= Zas,s’P(XH-l =141 | Zey1 = SI)P(Xt+2:T = T21 | Ziy1 = Sl)

S

= Z s,5 b5/ 2,1 B (E+ 1) (recursive form!)
s/

Base case: §;(T) =1
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Backward procedure
For all s € [S], set 55(T) = 1.

Fort=T-1,...,1

e for each s € [S], compute

58 (t) = Z as,s’bs’,xt+1 /83’ (t + 1)

Again it takes O(S?T) time and O(ST) space.
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vs(t) = P(Zy = s | X1.0 = z1.7)
x P(Zy = s, X1.70 = x1.7)
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Using forward and backward messages

With forward and backward messages, we can easily infer many things, e.g.

P(Zy=s| Xir =z1.1)

7s(t)

x P(Zy = s, X1.70 = x1.7)

P
P

(Zy = 8, X14 = 1:4) P( Xy = Tg11 | Z = 8, X1t = @1t)
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Using forward and backward messages

With forward and backward messages, we can easily infer many things, e.g.

vs(t) = P(Zy = s | X1.r = 211)

x P(Z; = s, X117 = x1.7)

= P(Zs = 5, X1t = 21.0) P(Xpy1.7 = Bq1.7 | Zt = 5, X1 = T14)
as(t)Bs(t)
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Using forward and backward messages

With forward and backward messages, we can easily infer many things, e.g.

7s(t)

P(Zy=s| X171 = z1.1)

(
x P(Zy = s, X1.70 = x1.7)
=P(Z; = s, X1t = v1:0) P(Xop1.0 = Tpg1r | Zt = 5, X1t = T1t)
= as(t)ﬁs(t)

What constant are we omitting in “o<”?
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Using forward and backward messages

With forward and backward messages, we can easily infer many things, e.g.

7s(t)

P(Z; =s| Xi.1 = x1.7)

(
x P(Zy = s, X1.70 = x1.7)
=P(Z; = s, X1t = v1:0) P(Xop1.0 = Tpg1r | Zt = 5, X1t = T1t)
= as(t)ﬁs(t)

“u__n

What constant are we omitting in “o<”? It is exactly

P(Xir=z1r) = Zas(t)ﬁs(t)

the probability of observing the sequence x1.7.
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Using forward and backward messages

With forward and backward messages, we can easily infer many things, e.g.

s (1)

P(Z; =s| Xi.1 = x1.7)

(
x P(Zy = s, X1.70 = x1.7)
=P(Z; = s, X1t = v1:0) P(Xop1.0 = Tpg1r | Zt = 5, X1t = T1t)
= as(t)ﬁs(t)

“u__n

What constant are we omitting in “o<”? It is exactly

P(Xir=z1r) = Zas(t)ﬁs(t)

the probability of observing the sequence x1.7.
This is true for any ¢; a good way to check correctness of your code.
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Using forward and backward messages

Another example: the conditional probability of transition s to s’ at time ¢

588 ( )
=P(Z=s,Zp1 =5 | Xir = 211)
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Using forward and backward messages

Another example: the conditional probability of transition s to s’ at time ¢

8, Zy1 =8 | Xvr = z11)

N
Il

/
8, 21 =8, X1.r = x1.1)

R
T
N

I
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Using forward and backward messages

Another example: the conditional probability of transition s to s’ at time ¢

£s,00(1)

=P(Z = 8,241 =5 | X1.7 = x1.7)

x P(Zy = 8, Z141 =8, X1.17 = 21.7)

=P(Z; = s, X1 = 214)P(Zi11 = 8, Xoy1r = g1 | Zo = 8, X1 = @1
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Using forward and backward messages

Another example: the conditional probability of transition s to s’ at time ¢

£s,00(1)

=P(Zy=8,Z111 =8 | X1.r = 211)

x P(Zy = 8, Z141 =8, X1.17 = 21.7)

=P(Z; = s, X1 = 214)P(Zi11 = 8, Xoy1r = g1 | Zo = 8, X1 = @1
= as(t)P(Zis1 = 8" | Zy = s)P(Xpyrr = Bysvr | Zepa = §)
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Using forward and backward messages

Another example: the conditional probability of transition s to s’ at time ¢

£s,00(1)

=P(Zy=8,Z111 =8 | X1.r = 211)

x P(Zy = 8, Z141 =8, X1.17 = 21.7)

=P(Z; = s, X1 = 214)P(Zi11 = 8, Xoy1r = g1 | Zo = 8, X1 = @1
= as(t)P(Zir1 = 8" | Zy = s)P(Xpprr = wep1:7 | Zipr = §)

= as(t)as,s P(Xip1 = 241 | Zeyr = 8 )P(Xiq2r = wig27 | Zip1 = 8)
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Using forward and backward messages

Another example: the conditional probability of transition s to s’ at time ¢

-0
=P(Zy=8,Z111 =8 | X1.r = 211)

x P(Zy = 8, Z141 =8, X1.17 = 21.7)

=P(Z; = s, X1 = 214)P(Zi11 = 8, Xoy1r = g1 | Zo = 8, X1 = @1
=as(t)P(Zip1 =5 | Zy = s)P(Xys1.1 = tps11 | Ziyr = 8)

= as(t)as,s P(Xep1 = @441 | Zep1 = 8 )P(Xpyor = Toqor | Ziyr = )

= 5(t)as,5'bst 2y 1 B (T + 1)
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Using forward and backward messages

Another example: the conditional probability of transition s to s’ at time ¢

-0
=P(Zy=8,Z111 =8 | X1.r = 211)

x P(Zy = 8, Z141 =8, X1.17 = 21.7)

=P(Z; = s, X1 = 214)P(Zi11 = 8, Xoy1r = g1 | Zo = 8, X1 = @1
=as(t)P(Zip1 =5 | Zy = s)P(Xys1.1 = tps11 | Ziyr = 8)

= as(t)as,s P(Xep1 = @441 | Zep1 = 8 )P(Xpyor = Toqor | Ziyr = )

= 5(t)as,5'bst 2y 1 B (T + 1)

The normalization constant is in fact again P(X1.7 = z1.7)

26 / 40
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most likely path, it is very similar to the forward procedure.
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Finding the most likely path

Though can't use forward and backward messages directly to find the
most likely path, it is very similar to the forward procedure. Key: compute

65(t) = Inax P(Zt =8, Z1:4-1 = 2141, X1:t = xl:t)

21:t—1

the probability of the most likely path for time 1 : ¢ ending at state s

27 / 40
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Observe

0s(t) = max P(Zy = s, Z14—1 = 21:4—1, X1:4 = T1:t)

Z1:t—1
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Observe
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/
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Computing 65(%)

Observe
ds(t) = max P(Zy = s, Z1:4—1 = 21:4—1, X1 = T1:1)

/
= max max P(Zy=s8,Zy1=5,214-2= 2142, X1:t = T1:t)
S 1:t—2

=maxP(Zy =5 | Zi_1 =8 )P(Xy =24 | Zy = 5)-
s/

/
max P(Zi1 =5, Z14—-2 = 214-2, X1:4—1 = T1:4—1)
1:t—2
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Computing 65(%)

Observe
ds(t) = max P(Zy = s, Z1:4—1 = 21:4—1, X1 = T1:1)

/
= max max P(Zy=s8,Zy1=5,214-2= 2142, X1:t = T1:t)
S 1:t—2

=maxP(Zy =5 | Zi_1 =8 )P(Xy =24 | Zy = 5)-
s/

/
max P(Zi1 =5, Z14—-2 = 214-2, X1:4—1 = T1:4—1)
1:t—2

= bs, max ay 0y (t —1) (recursive form!)



Inerring HMMs
Computing d4(t)

Observe
ds(t) = max P(Zy = s, Z1:4—1 = 21:4—1, X1 = T1:1)
1:t—1

/
=max max P(Z; = 5,21 =8, Z1:—2 = 21:-2, X1 = 1)
S Z1:t—2

=maxP(Zy =5 | Z-1 =8 )P(Xy = ¢ | Zy = 5)-
s/
nax P(Zy1 =5, Z14—2 = 214-2, X1:4—1 = T1:4-1)
1:t—2

= bsz, maxay 65 (t — 1) (recursive form!)
S

Base case: 0,(1) = P(Z; = 5, X1 = x1) = Wsbs o,
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Inerring HMMs
Computing d4(t)

Observe

0s(t) = max P(Zy = s, Z1:4—1 = 21:4—1, X1:4 = Z1:t)

Z1:t—1
/
= max max P(Zy=5,Zy 1 =5 ,214-2 = 21:4-2, X1:4 = T1:t)
S 1:t—2
=max P(Z; = s | Zy-1 =8 )P(Xy = 21 | Z; = s)-
S
/
nax P(Zi 1 =5",214-2 = 2142, X1:4—1 = T1:4-1)
1:t—2

= bs.z, max ay 0y (t —1) (recursive form!)

Base case: 0,(1) = P(Z; = 5, X1 = x1) = Wsbs o,
Exactly the same as forward messages except replacing “sum” by “max”!
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05(t) = bs o, maxay s0s (t — 1),
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Viterbi Algorithm
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Foreacht=2,...,T,

e for each s € [S], compute
05(t) = bs o, maxay s0s (t — 1),

Ag(t) = argmax ay 0s(t — 1).

s/
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Viterbi Algorithm (1)

Viterbi Algorithm
For each s € [S], compute 04(1) = msbs 4, .
Foreacht=2,...,T,

e for each s € [S], compute

05(t) = bs o, maxay s0s (t — 1),

Ag(t) = argmax ay 0s(t — 1).

s/

Backtracking: let 2} = argmax, 0,(T).
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Viterbi Algorithm (1)

Viterbi Algorithm
For each s € [S], compute 04(1) = msbs 4, .
Foreacht=2,...,T,

e for each s € [S], compute

05(t) = bs o, maxay s0s (t — 1),

Ag(t) = argmax ay 50y (t —

s/

Backtracking: let 2} = argmax, 0,(T).
Foreach t =T,...,2: set z; | = A« (t).

1).
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Viterbi Algorithm (1)

Viterbi Algorithm
For each s € [S], compute 04(1) = msbs 4, .
Foreacht=2,...,T,

e for each s € [S], compute
05(t) = bs o, maxay s0s (t — 1),

Ag(t) = argmax ay 0s(t — 1).

s/

Backtracking: let 2} = argmax, 0,(T).
Foreach t =T,...,2: set z; | = A« (t).

Output the most likely path 27,..., 27.




Example

(Hidden) Markov models

Arrows represent the “argmax”, i.e. A4(t).

Ssunny(1)=0.25

P Seunny(2)=0.1

5rainy(1)=0'4

v

6rainY(2)=0-19

Ssunny(3)=0.04

Bunny(4)=0.016

6r:ain\/(3)=0-042

Srainy(4)=0.01




(Hidden) Markov models

Example

Arrows represent the “argmax”, i.e. A4(t).

Seunmy(1)=0.25 B Seunny(2)=0.1 Bunny(3)=0.04 Bunny(4)=0.016

5rainy(:l-)=0'4

Brainy(2)=0.19 Braing(3)=0.042 Brainy(4)=0.01

v

The most likely path is “rainy, rainy, sunny, sunny”.
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Exercise 1

What is the most likely sequence 27, given z1.7, for some Ty < 17

e Is it the first Ty outputs of the Viterbi algorithm (with all data)?

\ 4

Ssunny(1)=0.25

Gsunny(2)=0~1 6sunny(’:,')=(-,-04 ssunny(4)=0-0:l-6

\4

Srainy(1)=0.4

Srainy(2)=0.19 Srainy(3)=0.042 Srainy(4)=0.01




(GEEEDRVER AN EE  Inferring HMMs
Exercise 1
What is the most likely sequence 27, given z1.7;, for some Tp < 777

e Is it the first Ty outputs of the Viterbi algorithm (with all data)?

No. It should be
o zp, = argmax, d(10)
o foreach t =Tp,...,2: 2f | = A (1)

\ 4

5sunny(:l-)=0-25 6sunny(2)=o-1 ssunny(3)=0-04

A

Saunny(4)=0.016

\4

Srainy(1)=0.4

Brany(2)=0.19 Braing(3)=0.042 Brainy(4)=0.01
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Exercise 1

What is the most likely sequence szO given .7, for some Ty < 177

e Is it the first Ty outputs of the Viterbi algorithm (with all data)?

No. It should be

o zp, = argmax, d(10)

o foreacht =1Ty,...

Ssunny(1)=0.25

.ok
2 2

Az;‘ (t)

\ 4

Bsunny(2)=0.1

Ssunny(3)=0.04

Ssunny(4)=0.016

Srainy(1)=0.4

\4

Brany(2)=0.19

Braing(3)=0.042

Srainy(4)=0.01

The answer for Ty = 3 is: “sunny, sunny, rainy”.
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Exercise 2

What is the most likely sequence zf:TO given 1.7 for some Ty < 177

@ Is it the same as Exercise 17
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Exercise 2

What is the most likely sequence szO given 1.7 for some Ty < 177
@ Is it the same as Exercise 17

o Is it the first Ty outputs of the Viterbi algorithm (with all data)?
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Exercise 2

What is the most likely sequence szO given 1.7 for some Ty < 177
@ Is it the same as Exercise 17

o Is it the first Ty outputs of the Viterbi algorithm (with all data)?

Neither. It should be
o zy = argmax, ds(1o)3s(To)

o foreacht =Tp,...,2: 2/ 1 = A, (1)

32/ 40
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Reasoning:

*
27, = argmax max P(Zp, = s, Z1.1y—1 = 21:19y—1, X1.T = T1.T)
s 1:To—1
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Exercise 2 (cont.)

Reasoning:
*
27, = argmax max P(Zp, = s, Z1.1y—1 = 21:19y—1, X1.T = T1.T)
s 1:Ty—1

= argmax max P(Zry = s, Z1.1,-1 = 21:19—1, X1:1p = T1:T, )"
s 1:Ty—1

P(Xt1y11,7 = 219417 | Z10 = 8, Z1:T9—1 = 21:T9—1, X1:Tp = T1.Ty)
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Exercise 2 (cont.)

Reasoning:
27, = argmax max P(Zr, = s, Z1.1y-1 = 21:19—1, X117 = T1.T)
s 1:Ty—1

= argmax max P(Zry = s, Z119-1 = 21:19-1, X110 = 1.1, )
s 1:Tp—1

P(XT0+1,T = mTo+1:T | ZTO =S, Zl:Tofl = Zl:ToflaXltTo = xl:To)
= argmax ( max P(Zg, = s, Z1.1y—1 = 21191, X110 = xl:To)) :
S Zl:TO—l

P(XT0+17T = TTp+1:T ‘ Zr, = s)
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Exercise 2 (cont.)

Reasoning:
27, = argmax max P(Zr, = s, Z1.1y-1 = 21:19—1, X117 = T1.T)
s 1:Ty—1

= argmax max P(Zry = s, Z119-1 = 21:19-1, X110 = 1.1, )
s 1:Tp—1

P(X71,1117 = 210417 | Z10 = 8, Z1:T0-1 = 21:T9—1, X1:Tp = T1:T,)

= argmax ( max P(Zg, = s, Z1.1y—1 = 21191, X110 = wl:To)) .
S Zl:TO—l

P(Xry+1,1 = 2ry41:1 | Z1y = 8)
= argmax 04(70)8s(To)
S

33 /40
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(GEEEDRVER AN EE  Inferring HMMs

Exercise 3

What is the most likely sequence 2], given x1.7;, for some Ty < 17
o Is it the same as the Viterbi algorithm (with all data)?

@ Are the first Tj) states the same as Exercise 17
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Exercise 3

What is the most likely sequence 2], given x1.7;, for some Ty < 17
o Is it the same as the Viterbi algorithm (with all data)?

@ Are the first Tj) states the same as Exercise 17

Again, neither is true.

34 /40
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Exercise 3 (cont.)

Viterbi Algorithm with partial data 1.7,
For each s € [S], compute (1) = T5bs 4, .
Foreacht=2,...,T,

e for each s € [S], compute

5S(t) B {bs,mt maxg/ as/7565/(t — 1) if t <Ty
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Exercise 3 (cont.)

Viterbi Algorithm with partial data 1.7,
For each s € [S], compute (1) = T5bs 4, .
Foreacht=2,...,T,

e for each s € [S], compute

5S(t) B {bs,mt maxg/ as/75(55/(t — 1) if t <Ty

maxy ag 50y (t — 1) else
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Exercise 3 (cont.)

Viterbi Algorithm with partial data 1.7,
For each s € [S], compute (1) = T5bs 4, .
Foreacht=2,...,T,

e for each s € [S], compute

5S(t) B {bs,mt maxg/ as/75(55/(t — 1) if t <Tp

maxy ag 50y (t — 1) else

Ag(t) = argmax ay 0y (t — 1).

Sl
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Exercise 3 (cont.)

Viterbi Algorithm with partial data 1.7,
For each s € [S], compute (1) = T5bs 4, .
Foreacht=2,...,T,

e for each s € [S], compute

55 (t) _ {bs,mt maXgs as/7565/ (t — 1) if t S TO

maxy ag 50y (t — 1) else

Ag(t) = argmax ay 0y (t — 1).

Sl

Backtracking: let 2} = argmax, 0,(T).
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Exercise 3 (cont.)

Viterbi Algorithm with partial data 1.7,
For each s € [S], compute (1) = T5bs 4, .
Foreacht=2,...,T,

e for each s € [S], compute

bs z, Maxy as/75(55/(t —1) ift<Tp
ds(t) =
maxy ag 50y (t — 1) else

Ag(t) = argmax ay 0y (t — 1).

s/

Backtracking: let 2} = argmax, 0,(T).
Foreacht =T,...,2: set z{ | = A«(¢).

Output the most likely path 27, ..., 27.
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Learning the parameters of an HMM

All previous inferences depend on knowing the parameters (7, A, B).

How do we learn the parameters based on N observation sequences
T, Tpr formn=1...,N?

MLE is intractable due to the hidden variables Z,, ;'s (similar to GMMs)



Cel
Learning the parameters of an HMM

All previous inferences depend on knowing the parameters (7, A, B).

How do we learn the parameters based on N observation sequences
T, Tpr formn=1...,N?

MLE is intractable due to the hidden variables Z,, ;'s (similar to GMMs)

Need to apply EM again! Known as the Baum—Welch algorithm.

36 / 40



(Hidden) Markov models

Applying EM: E-Step

Recall in the E-Step we fix the parameters and find the posterior
distributions ¢ of the hidden states (for each sample n),
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Applying EM: E-Step

Recall in the E-Step we fix the parameters and find the posterior
distributions ¢ of the hidden states (for each sample n), which leads to
the complete log-likelihood:

Ezlszq [ln(Zl:T =211, X1.T7 = xl:T)]
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Applying EM: E-Step
Recall in the E-Step we fix the parameters and find the posterior

distributions ¢ of the hidden states (for each sample n), which leads to
the complete log-likelihood:

Ezlszq [ln(Zl:T =211, X1.T7 = xl:T)]
T—1 T

=Ez . png [InT + E Inazz.., + E Inbz, q,
t=1 t=1
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Learning HMMs
Applying EM: E-Step

Recall in the E-Step we fix the parameters and find the posterior
distributions ¢ of the hidden states (for each sample n), which leads to
the complete log-likelihood:

]Ezl T~q [h’l(ZlT = Zl‘T7X1‘T = xlT)]
T-1

=Ezppng |In72 + Z Inaz, z., + Z Inbz, z,

—Z’Ys lnﬂ's"‘ZZfss lnass’+2275 lnbsxt

t=1 s,s’

We have discussed how to compute
vs(t) = P(Zy = s | X1.7 = w1.70)
o0(t) = P(Zs = 5, 2111 = ' | X1r = w1.7)
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el
Applying EM: M-Step

The maximizer of complete log-likelihood is simply doing weighted
counting (compared to the unweighted counting on Slide 16):

s o 27@(1) — [, [ #initial states with value s]

Qg5 O Z Z 58 () = [ #transitions from s to 5]
n t=1

bs,o X Z Z ~{M(t) = E, [ #state-outcome pairs (s, 0)]
n t:xt=o

38 / 40



el
Applying EM: M-Step

The maximizer of complete log-likelihood is simply doing weighted
counting (compared to the unweighted counting on Slide 16):

Ts X Z% = E, [ #initial states with value s]
Qg5 O Z Z §S () = [ #transitions from s to 5]
n t=1
bs,o X Z Z ~{M(t) = E, [ #state-outcome pairs (s, 0)]
n t:xt=o

where

V() = P(Zng = 5| Xp17 = T1r)
s,s! (t) = P(Zn,t =S, Zn,t+1 =5 ‘ Xn,l:T = xn,l:T)

38 / 40
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Baum-Welch algorithm

Step 0 Initialize the parameters (7, A, B)

Step 1 (E-Step) Fixing the parameters, compute forward and backward
messages for all sample sequences, then use these to compute fy§”) (t) and

527;)/(15) for each n,t,s, s’ (see Slides 25 and 26).
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Baum-Welch algorithm

Step 0 Initialize the parameters (7, A, B)

Step 1 (E-Step) Fixing the parameters, compute forward and backward
messages for all sample sequences, then use these to compute fy§”) (t) and
{g?,(t) for each n,t,s, s’ (see Slides 25 and 26).

Step 2 (M-Step) Update parameters:

T-1
oo > A(M), a3 €M), oo Y A(8)

n t=1 n t:xy=o
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Learning HMMs
Baum-Welch algorithm

Step 0 Initialize the parameters (7, A, B)

Step 1 (E-Step) Fixing the parameters, compute forward and backward

messages for all sample sequences, then use these to compute fygn) (t) and
éﬁ"s’,(t) for each n,t,s, s’ (see Slides 25 and 26).

Step 2 (M-Step) Update parameters:

T-1
ms o0 Y A), g o YOS €M), b SN M)

n t=1 n t:xy=o

Step 3 Return to Step 1 if not converged

39 / 40
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Summary

Very important models: Markov chains, hidden Markov models

Several algorithms:
o forward and backward procedures
@ inferring HMMs based on forward and backward messages
o Viterbi algorithm

@ Baum-Welch algorithm

40 / 40
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