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1. Linear Algebra



Q1 Which identities are NOT correct for real-valued matrices A, B, and C'? Assume that inverses
exist and multiplications are legal.
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(c) tr(AB) = tr(BA) b (-L'A)(UA) =I-F =1 440
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Q2 Which of the following statements are true? PSD stands for positive semi-definite.

<=
(a) XX ' is a PSD matrix if and only if X is PSD.

(b) If X and Y are PSD matrices, then so is AX + pY for any A\, u € R.

)

)

(¢) If X —Y and X + Y are PSD matrices, then so are X and Y.

(d) All eigenvalues of a symmetric PSD matrix are non-negative.
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Usually, X PD/psp = K cymmetrical

Q3 Suppose A and B are two positive definite matrices. Which matrix may NOT be positive
. ‘? .
definite? \/u?“o'_ A~ #0 (of K'u=0, wsho=v ..)
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Q4 In a d-dimensional Euclidean space, what is the shortest distance from a point xg to a hyper-

plane H = {x: w'x = 0}? (Notation: ||wlz =

wWFo .
(a) |w x|
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Q5 Suppose X1,..., Xy are all D-dimensional vectors, and X € RV*P is a matrix where the n-th
row is x,'. Then Wthh of the following identities are correct’f/\ Detign mathly

(a) XTX = er:le ang )(’\“ X: &7\/_ W\IV‘BH?( XZ[‘_?‘T_]
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2. Probability and Statistics



Q1 A bag contains 2 red balls and 3 blue balls. First, Alice draws a ball from the bag randomly
(and removes it from the bag). Then, Bob draws a ball randomly too. 1) What is the probability
that Alice gets a red/})all and Bob gets a blue ball? 2) What is the probability that Alice gets a

blue ball given that Bob gets a blue ball? g
(a) 75 and 3
(b) < and 2
(c) 35 and 3
(d) 5 and 2
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Q2 For events A, B and C, which of the following identities are correct?

(a) P(A)— P(AnB)=P(AUB)— P(B)
(b) P(AUB) < P(A)+ P(B) — P(A)P(B)
(c) P(A) = P(ANC)+ P(ANC), where C denotes the complement of event C.
(d) P(A) = P(A|C) + P(A|C), where C denotes the complement of event C.
ANE
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Q3 Forevents A, B, C' and Z1,..., Z7, which of the following identities are correct?
(a) P(A|B) = PEIAPA)  guppese P(B) #0

P(B)
P(A|B,C)_ _ P(B|AC)
(b) P(A|C)7\P(B|C’

(c) (ﬂtzl Zt) = Ht:lp(Zt)

(d) P(N2, Z¢) = 0L P(Zi|Zy, . .., Zi 1)
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Which of the following statements on the density function of a Gaussian distribution are true?
The density for a one-dimensional Gaussian distribution with mean g and variance o2 is

f(x) o< exp (%)

The density for a one-dimensional Gaussian distribution with mean p and variance o? is

f(x) ocexp (— (x;j‘;):z).

The density for a d-dimensional Gaussian distribution with mean p € R and covariance
matrix ¥ € R>? is f(x) o< exp (—%(x —p) ' B(x — 1))

The density for a d-dimensional Gaussian distribution with mean y € R? and covariance
matrix ¥ € R>? is f(x) o< exp (—%(x —p) 'S (x = p).

by cle«f.
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Q5 Which of the following statements are true? Pe(— [Xl ~ /\/ M, Zj)
]
(a) Suppose X and Y are two jointly Gaussian random variables. 4Then Z = X —2Y is also
Gaussian.

(b) Suppose X and Y are two jointly Gaussian random variables. Then the marginal distribution
of X is also Gaussian.

(c) Suppose X and Y are two jointly Gaussian random variables. Then the conditional distribu-
tion of X given Y is also Gaussian.

(d) For a random vector X € R", its covariance matrix is E[ XX '] — E[X|E[X]".
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3. Calculus



Q1 Suppose a € R™*! is an arbitrary vector. Which one of the following functions is NOT convex:

a) f(x) =", |z Def 7D Con/ex jﬁ 70(7)?;%(13 )<7\70(x)%uvz);%)

)
b) f(x) =11 aiwi %\% ________ pboe 1. Vaelo]
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Q2 Which of the following are correct chain rules (g, g1, ..., gq are functions from R to R)?

(a) For a composite function f(g(w)), g—l{) = %%'

(b) For a composite function f(g(w)), of _ g_g i 9g

ow ow"
(c) For a composite function f(gi(w),...,gq(w)), g—£ — (g_gi%, - g_g{z%)'
(d) For a composite function f(g1(w),...,ga(w)), 3L =3¢ | ggi 0d:

O/Qﬁp Ojt C[’Lair\ rule




Q3 A function f : R™! — R is defined as f(x) = x' Ax+b'x for some b € R"*! and A € R™*",
What is the derivative g_f (also called ttfe gradient V f(x))?
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?_i(vg) _
LA B : (Am&ﬁ -ff’ AJ7W7S+2A1‘%1 + L
3%\[ 9<,J
;%_ B"X«; All 7‘1

X (A +hs o + b,

A A" ) Hﬂ



Q4 A function f : R®*" — R is defined as f(A) = x' Ax for some x € R"*!,

foative 9f 9
derivative TN
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Q5 A function f: R™*! — R is defined as f(w) = In(1 + e~" %) for some x € R"*1. What is

ivative 2L2
the derivative " dln r 1 de®™ ;
w — —,—; _ — ae
(a) —Twms dx r’ dx
(b) _1+€}:VTX
W T
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Q6 For a differential function f : R™ — R, which of the following statements are correct?

—0. Ditectiona( derivative @ (w GFRM) A&IR)

a) If x* is a minimizer of f, then V f(x*
@ o) ‘J]C(X\Mb des b M
(b) If x* is a maximizer of f, then Vf(x*) = 0. S }L—V;\D+ I
(¢) If Vf(x*) = 0, then x* is a minimizer of f. foct © 2 ]0 continuius ol Hferemtinhle |
(e / ol 4.
(d) If Vf(x*) =0, then x* is a maximizer of f. hey elsh - >
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