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Abstract

Online learning is one of the most important and well-established machine learning

models. Generally speaking, the goal of online learning is to make a sequence of

accurate predictions “on the fly,” given some information of the correct answers to

previous prediction tasks. Online learning has been extensively studied in recent

years, and has also become of great interest to practitioners due to its effectiveness in

dealing with non-stationary data as well as its applicability to large-scale applications.

While many useful ideas are well-established in the offline learning setting where

a set of data is available beforehand, their counterparts in the online setting are not

always straightforward and require more understanding. Moreover, existing online

learning algorithms are not always directly applicable in practice. One important

reason is that they usually rely on sophisticated tuning of parameters, a delicate

approach that can yield sound theoretical guarantees, but that does not work well in

practice. Another reason is that existing algorithms are usually guaranteed to work

well in one particular situation or another, but not all. A single algorithm that can

ensure worst-case robustness while still enjoying the ability to exploit easier data at

the same time is relatively rare and certainly desirable in practice.

Motivated by all the above issues, this thesis focuses on designing more practical,

adaptive and ready-to-use online learning algorithms, including

• novel online algorithms which combine expert advice in an optimal and

parameter-free way and work simultaneously under different patterns of data

as well as different evaluation criteria;

• a novel and rigorous theory of online boosting which studies improving the

accuracy of any existing online learning algorithm by training and combining

several copies of it in a carefully designed manner;
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• a family of highly efficient online learning algorithms which make use of second

order information of the data and enjoy good performance even when dealing

with ill-conditioned data.

In summary, this thesis develops and analyzes several novel, optimal and adaptive

online learning algorithms which greatly improve upon previous work and have great

practical potential.
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Peter Grünwald, Patrick Haffner, Satyen Kale, Wouter Koolen, John Langford,

Gergely Neu, Jean-François Paiement, Vasilis Syrgkanis and Tim van Erven. In

particular, I would like to thank Alina and Satyen for being my great internship

mentors at Yahoo Labs, and Alekh and John for also being my great mentors at

Microsoft Research. A significant part of this thesis was conducted during these two

great internships. Also a special thanks to Peter Grünwald, who generously invited

me to CWI for a one-month productive visit.

I am also grateful to Sanjeev Arora, Barbara Engelhardt, Elad and Satyen for

being my committee members and providing helpful suggestions for this thesis.

v



My research would not have been possible without the support of NSF Grant

#1016029.

I would also like to thank Ellen Anagbo, Susan Greene, Barbara Jensen, Melissa

Lawson, Paul Nutkowitz and Tom Taylor for helping me improve my English during

my first year at Princeton. Their help has been extremely important for both my

career and daily life as a foreigner in the US.

Finally, I am very grateful for having the most supportive parents who know little

about what I am doing but always let me freely pursue my dreams even though

that means I need to be far away from them. Last but certainly not least, I need

to thank my beloved wife Xiaohui for joining me in this challenging yet wonderful

foreign journey. I owe her so many weekends and I hope I could make up for her in

the near future.

vi



To my parents and my beloved wife Xiaohui.

vii



Contents

Abstract . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iii

Acknowledgements . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . v

List of Tables . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xii

List of Figures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xiii

1 Introduction 1

1.1 Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

1.2 Contributions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

1.3 Notation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

2 Combining Expert Advice Effectively 9

2.1 A General Framework to Design Algorithms . . . . . . . . . . . . . . 10

2.1.1 Reviewing Drifting Games . . . . . . . . . . . . . . . . . . . . 11

2.1.2 Algorithmic Equivalence . . . . . . . . . . . . . . . . . . . . . 13

2.1.3 Relaxations . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

2.1.4 Designing Potentials and Algorithms . . . . . . . . . . . . . . 19

2.1.5 High Probability Bounds . . . . . . . . . . . . . . . . . . . . . 24

2.1.6 Generalizations . . . . . . . . . . . . . . . . . . . . . . . . . . 25

2.2 Applications to Boosting . . . . . . . . . . . . . . . . . . . . . . . . . 27

2.2.1 Experiments . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

2.3 An Improved Variant: AdaNormalHedge . . . . . . . . . . . . . . . . 31

viii



2.3.1 Analysis of AdaNormalHedge . . . . . . . . . . . . . . . . . . 37

2.3.2 Confidence-rated Advice and Sleeping Experts . . . . . . . . . 40

2.3.3 Time-Varying Competitors . . . . . . . . . . . . . . . . . . . . 42

2.3.4 Competing with the Best Pruning Tree . . . . . . . . . . . . . 48

2.4 Conclusion and Future Directions . . . . . . . . . . . . . . . . . . . . 51

3 Online Boosting 53

3.1 Online Boosting for Binary Classification . . . . . . . . . . . . . . . . 54

3.1.1 Setup, Assumptions and Main Theorem . . . . . . . . . . . . 57

3.1.2 An Optimal Algorithm . . . . . . . . . . . . . . . . . . . . . . 62

3.1.3 Matching Lower Bounds . . . . . . . . . . . . . . . . . . . . . 67

3.1.4 An Adaptive Algorithm . . . . . . . . . . . . . . . . . . . . . 69

3.1.5 Experiments . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75

3.2 Online Boosting for General Regression . . . . . . . . . . . . . . . . . 76

3.2.1 Problem Setup . . . . . . . . . . . . . . . . . . . . . . . . . . 78

3.2.2 Online Gradient Boosting . . . . . . . . . . . . . . . . . . . . 81

3.2.3 Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86

3.2.4 Variants and Generalizations . . . . . . . . . . . . . . . . . . . 93

3.2.5 Experiments . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95

3.3 Conclusion and Future Directions . . . . . . . . . . . . . . . . . . . . 96

4 Efficient Second Order Online Learning via Sketching 97

4.1 Motivation and Main Results . . . . . . . . . . . . . . . . . . . . . . 98

4.2 Setup and a Meta Algorithm . . . . . . . . . . . . . . . . . . . . . . . 100

4.3 Full second-order updates . . . . . . . . . . . . . . . . . . . . . . . . 103

4.3.1 Best choice in hindsight . . . . . . . . . . . . . . . . . . . . . 104

4.3.2 Adapting the matrix online . . . . . . . . . . . . . . . . . . . 105

4.4 Efficiency via Sketching . . . . . . . . . . . . . . . . . . . . . . . . . . 108

ix



4.4.1 Random Projection . . . . . . . . . . . . . . . . . . . . . . . . 110

4.4.2 Frequent Directions . . . . . . . . . . . . . . . . . . . . . . . . 111

4.4.3 Oja’s Algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . 114

4.5 Sparse Implementation . . . . . . . . . . . . . . . . . . . . . . . . . . 115

4.5.1 Sparse RP-SON . . . . . . . . . . . . . . . . . . . . . . . . . . 115

4.5.2 Sparse FD-SON . . . . . . . . . . . . . . . . . . . . . . . . . . 117

4.5.3 Sparse Oja-SON . . . . . . . . . . . . . . . . . . . . . . . . . . 122

4.6 Experiments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 126

4.6.1 Synthetic Datasets . . . . . . . . . . . . . . . . . . . . . . . . 126

4.6.2 Real-world Datasets . . . . . . . . . . . . . . . . . . . . . . . 128

4.7 Conclusion and Future Directions . . . . . . . . . . . . . . . . . . . . 130

A Omitted Details of Chapter 2 131

A.1 Proof of Lemma 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 131

A.2 A General MAB Algorithm and Regret Bounds . . . . . . . . . . . . 135

A.3 A General OCO Algorithm and Regret Bounds . . . . . . . . . . . . 139

A.4 Proof of Lemma 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 141

B Omitted Details of Chapter 3 144

B.1 Proof of Lemma 6 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 144

B.2 Variants and Generalizations of Online Gradient Boosting . . . . . . 146

B.2.1 Fitting to actual loss functions . . . . . . . . . . . . . . . . . . 146

B.2.2 Improving the regret bound via scaling . . . . . . . . . . . . . 148

B.2.3 Improvements for batch boosting . . . . . . . . . . . . . . . . 149

C Omitted Details of Chapter 4 152

C.1 Projection . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 152

C.2 A Truly Invariant Algorithm . . . . . . . . . . . . . . . . . . . . . . . 153

x



D Experiment Details 157

D.1 Description of Datasets . . . . . . . . . . . . . . . . . . . . . . . . . . 157

D.2 Detailed Experiment Results . . . . . . . . . . . . . . . . . . . . . . . 158

Bibliography 161

xi



List of Tables

2.1 Different potential based algorithms and comparisons with NormalHedge 19

2.2 Training and test error for different boosting algorithms . . . . . . . . 32

2.3 Comparisons of different algorithms for time-varying competitors . . . 45

2.4 Comparisons of different algorithms for the tree expert problem . . . 50

3.1 Comparisons of different online boosting algorithms . . . . . . . . . . 56

3.2 Experimental performance of various online boosting algorithms . . . 76

3.3 Improvement of Online Gradient Boosting over different base learners 95

4.1 Largest relative error between true and estimated eigenvalues . . . . . 129

D.1 Attributes of datasets used in experiments . . . . . . . . . . . . . . . 158

D.2 Average loss for Online Gradient Boosting with different weak learners 159

D.3 Error rates for Oja-SON and AdaGrad . . . . . . . . . . . . . . . . 160

xii



List of Figures

2.1 Protocol for a drifting game variant DGv1 . . . . . . . . . . . . . . . 15

2.2 Comparisons of fraction of zero weights between NH-Boost and NH-

Boost.DT . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

2.3 Comparisons of cumulative margins between AdaBoost, NH-Boost and

NH-Boost.DT . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

3.1 An illustration of the online boosting algorithm on round t . . . . . . 59

4.1 Oja’s algorithm’s eigenvalue recovery error . . . . . . . . . . . . . . . 126

4.2 Error rate of Oja-SON compared with AdaGrad on a synthetic ill-

conditioned problem . . . . . . . . . . . . . . . . . . . . . . . . . . . 127

4.3 Comparisons of Oja-SON with different sketch sizes and AdaGrad on

real data. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 128

A.1 Protocol for a drifting game variant DGv2 . . . . . . . . . . . . . . . 135

A.2 Protocol for a drifting game variant DGv3 . . . . . . . . . . . . . . . 139

xiii



Chapter 1

Introduction

Online learning studies how to make a sequence of accurate predictions “on the fly”

when interacting with the environment. Many real-life applications can be modeled

as an online learning problem, such as email spam detection, internet routing, recom-

mendation systems, to name a few. The study of online learning dates back to the

1950s. A general and modern framework initiated by Zinkevich [112] treats online

learning as a game iteratively played by a learner and an adversary. On each round

t = 1, . . . , T of the game:

1) the learner makes a decision by picking a point wt from a decision space K;

2) the adversary, knowing the learner’s decision wt, decides a loss function ft

defined on K.

3) the learner suffers loss ft(wt) for this round, and receives feedback about ft.

For example, in the application of web advertisement placing, we can treat each

visit of the webpage as a single round of the online learning game. For each of

them, the learner’s job is to pick one of the N ads to display, with the goal of

maximizing clickthrough rate. Here, the decision space K can be defined as the set

of all distributions over these N ads, and thus for each visitor t, the learner needs

to choose a distribution wt ∈ K from which an ad is drawn to display. For the loss
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function, suppose displaying ad i ∈ {1, . . . , N} for visitor t will incur loss `t,i (e.g.

`t,i = 1 if the visitor would not click ad i and `t,i = 0 otherwise). Then we can define

ft(w) as w>`t where `t is an N dimensional vector with the i-th coordinate being

`t,i. In other words, the loss of the learner ft(wt) would be the expected loss incurred

by displaying ads randomly according to wt.

The typical goal of online learning is to minimize regret which, roughly speaking,

measures how much less loss the learner would have suffered in retrospect if another

strategy had been played throughout. For example, in the above formal setting, the

regret to a fixed decision w ∈ K is defined as

RT (w)
def
=

T∑
t=1

ft(wt)−
T∑
t=1

ft(w),

which is simply the difference between the learner’s total loss and the loss of playing a

fixed point w all the time (assuming the adversary would not change the outcomes).

Usually, we are interested in minimizing regret to the best fixed point in hindsight,

that is, a point w that minimizes
∑T

t=1 ft(w). In the advertisement placing example

above, this tells us how much less loss the learner would have suffered if he always

display an ad that leads to the most clicks in retrospect.

There are several possible forms of feedback that the learner could receive on each

round. For example, in the simplest case, the learner observes the entire loss function

ft chosen by the adversary. A more difficult situation is to only observe some partial

information of ft, such as its gradient or even just its value at the choice of the learner

(which is the case for the advertisement application). All these feedback models have

been considered in the literature and they capture different kinds of applications. In

this thesis, we will mostly focus on the gradient feedback model.

Using these feedback, the learner applies some learning algorithm to discover and

exploit the pattern of the data in order to make smart choices on each round and
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obtain good overall prediction performance. Designing these algorithms and analyzing

their theoretical guarantees are the main research topic of online learning. We refer

the reader to [22, 101, 53] for excellent surveys of online learning.

1.1 Motivation

Although online learning has been an active research area in recent years, many

challenges still remain. For example, existing online learning algorithms are not

always directly applicable in practice. One important reason is that they usually

rely on sophisticated tuning of parameters, a delicate approach that can yield sound

theoretical guarantees, but that does not work well in practice. People usually end up

spending a significant amount of time and work on tuning these parameters for one

specific task, and then do it again when facing a different task or even the same task

but with new data. Another reason is that existing algorithms are usually guaranteed

to work well in one particular situation or another, but not all. A single algorithm

that can ensure worst-case robustness while still enjoying the ability to exploit easier

data at the same time is relatively rare and is certainly of great value in practice.

Moreover, while many useful ideas are well-established in the offline learning set-

ting where a set of data is available beforehand, their counterparts in the online

setting are not always straightforward and require more understanding. For example,

boosting [96, 37], the idea of combining weak “rules of thumb” into a strong predictor,

has been thoroughly studied in the offline setting and has proven extremely useful in

practice since it was proposed more than two decades ago. However, it is not clear

what boosting actually means in the online setting and whether it can also be as

useful in terms of improving accuracy of existing online learning algorithms.

Another example is data preprocessing which aims to provide better represented

data as the input of learning algorithms in order to achieve better performance. While
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this is a simple and low-cost approach in the offline setting, it becomes much less clear

what the right counterpart is and how to do it efficiently in the online setting where

we do not have all the data in advance.

1.2 Contributions

Motivated by all the above issues, this thesis focuses on designing more practical,

adaptive and ready-to-use online learning algorithms. Our main contributions are

summarized below.

Combining Expert Advice More Effectively. In Chapter 2, we study how to

more effectively combine expert advice when making online decisions. This is a classic

online learning problem with numerous real-life applications. For example, which

stock should we invest in given the advice of several different consultants? Or what

should we predict for tomorrow’s temperature given the predictions of several different

forecast models? Moreover, this problem is also the foundation and meta-algorithm

of many other learning algorithms (such as boosting, online principal component

analysis (PCA), matrix completion, etc).

Although the problem is well studied, there are still many challenging and un-

achieved goals. For example, can we learn effectively when there are a huge or even

infinite number of experts? Can we achieve much better performance when dealing

with easy problems, while still ensuring worst-case robustness in difficult situations?

These objectives were only separately achieved before by different algorithms, which

means in practice we still need to try out these different algorithms and see which

one works better for different problems.

To solve these problems, Chapter 2 first discusses a general framework to design

algorithms for this problem through a game-theoretic analysis. Using this framework

we then develop one single parameter-free algorithm which can achieve all the above-
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mentioned goals simultaneously so that one can safely use our algorithm in different

applications without tuning any parameters. This is the first such algorithm and it

has many other implicit applications. For example, suppose we need to predict what

the subject is in an image given an overly complex decision tree, and our goal is to

predict almost as well as the best pruning tree within this complex tree. We show that

using our algorithm leads to exponential improvement compared to previous work.

Online boosting. In Chapter 3, we study online boosting, a theory of boosting the

accuracy of any existing online learning algorithm. As mentioned above, traditional

batch boosting is a central methodology in machine learning which studies the task

of combining weak rules of thumb into a strong learning algorithm. In practice, one

can pick any off-the-shelf algorithm, such as decision trees or neural networks, and

apply boosting to get potentially improved accuracy. While boosting is well-studied

in the offline setting, there is very little work on the theory of online boosting. The

main question is whether we can improve the accuracy of existing online prediction

algorithms in a similar way as we do in the offline case. For example, given an online

weak spam filter which on average only has about 51% accuracy, can we somehow

build a very accurate spam filter (say, 99% accuracy) by combining several copies of

these weak spam filters in an online fashion?

Starting with this question, we propose a novel online boosting framework with a

mild and natural assumption that is a direct analogue of the one in the offline case.

Roughly speaking, the assumption requires that the base learning algorithm can pre-

dict slightly better than random guessing in the long run. Based on this assumption,

we develop an online boosting algorithm which can combine the predictions of sev-

eral of these base algorithms to achieve arbitrarily small accuracy in the long run.

Our algorithm is optimal in the sense that no other algorithms can achieve the same
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result with less data or less copies of the base algorithms. This answers the question

of whether online boosting is possible in the affirmative.

However, this optimal algorithm again relies on a parameter that is often unknown

in practice. To address this problem, we borrow the idea of the well-known AdaBoost

algorithm [38] for the offline setting, and develop its online variant which is parameter-

free and able to adapt how well each base learning algorithm is doing.

Furthermore we extend the theory and algorithms to more general regression prob-

lems so that it is more applicable in practice. In this setup we even relax the weak

learning assumption, only assuming that we have access to an oracle which can find

the best among a base hypothesis class in an online fashion.

Our algorithms are implemented in the latest version of Vowpal Wabbit (VW), an

open source machine learning system [105], and are available to the public. Therefore,

whenever a new algorithm is implemented in VW, one can easily try running our

boosting algorithms on top of it (with just an extra command line option) to see

whether the accuracy can be improved, which we believe is very beneficial in practice.

We have also conducted initial experiments on benchmark data and observed that our

algorithms indeed improve over previous work and significantly improve the accuracy

of the existing base learning algorithms implemented in VW.

Efficient Second Order Online Learning. In Chapter 4 we study efficient invari-

ant online learning. The performance of classic learning algorithms (such as gradient

descent) usually depends on how the data is represented, for instance, whether length

is measured in meters or centimeters. In the offline setting where all the data is avail-

able in advance, one can simply perform preprocessing (such as whitening) on the

data before feeding it to the algorithm, so that the way the data is represented does

not affect the algorithm anymore. Since this is only done once before training hap-

pens, the overhead is negligible. In the online setting, however, examples arrive one
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by one on the fly and data preprocessing is no longer an option. The main question is

thus whether in this case we can still have an efficient algorithm whose performance

is independent of how the data is represented.

We propose a variant of online gradient descent that makes use of second order

information of the data and is invariant to linear transformation, meaning that had

the data been represented in a different way (by applying a linear transformation),

the algorithm would still make the exact same predictions. As a result, the algorithm

enjoys a convergence guarantee that is independent of how the data is represented.

In other words, with our algorithm, in some sense one does not need to be concerned

about how to represent the data anymore.

Moreover, to overcome the quadratic running time of the algorithm, we combine

different “sketching” techniques with our algorithm. The idea is to sketch the data

by keeping a very small amount of key information and then use this information to

guide the direction of gradient descent. The running time of our algorithm can then

be reduced to be linear in the number of dimensions or even the sparsity of the data.

We rigorously show that the performance of our algorithm is only slightly affected as

long as the size of the sketch is larger than the number of significant directions of the

data.

Our algorithm is again implemented in VW and publicly available. Empirical

study shows that our algorithm indeed outperforms previous work on a large sets of

benchmark data.

1.3 Notation

We introduce some common notation which is used throughout this thesis. Vectors

are represented by bold letters (e.g., x, w, . . . ) and matrices by capital letters (e.g.,
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M , A, . . . ). Mi,j denotes the (i, j) entry of matrix M . Id represents the d×d identity

matrix, 0m×d represents the m× d matrix of zeroes.

We use [N ] to denote the set {1, . . . , N}, ∆N to denote the simplex of all distri-

butions over [N ], and RE(p || q)
def
=
∑N

i=1 pi ln
(
pi
qi

)
to denote the relative entropy

(also known as the Kullback-Leibler divergence) between two distributions p ∈ ∆N

and q ∈ ∆N . The sign function sign(a) is 1 if a ≥ 0 and −1 otherwise.

We use the Õ(·) and Ω̃(·) notation to suppress dependence on polylogarithmic

factors in the natural parameters. Also we consider “log log” terms to be nearly

constant, and use Ô() notation to hide these terms. (Indeed, ln lnx is smaller than 4

even when x is as large as the age of the universe expressed in microseconds.)
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Chapter 2

Combining Expert Advice

Effectively

In this chapter we study the classic online learning problem of predicting with expert

advice, where the goal is to combine the expert advice in an efficient and effective

way to make online decisions. For example, which stock should we invest in given

the advice of several different consultants? Or what should we predict for tomorrow’s

temperature given the predictions of several different forecast models?

Although the problem is well studied, there are still many challenging and un-

achieved goals. To solve these problems, we first provide a general mechanism to

design expert algorithms based on a minimax analysis within a game-theoretic frame-

work called drifting games. The original minimax analysis for drifting games is gen-

eralized by applying a series of relaxations, starting from choosing a convex surrogate

of the 0-1 loss function. With different choices of surrogates, we not only recover ex-

isting algorithms, but also propose a new algorithm, NormalHedge.DT, that is totally

parameter-free and enjoys some useful properties. Our drifting-games framework nat-

urally allows us to study a generalized notion of regret that measures how good the

algorithm is compared to all but the top small fraction of candidates.
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As an application, we translate NormalHedge.DT into a new adaptive boosting

algorithm that is computationally faster than previous work as shown in experiments,

since it ignores a large number of examples on each round.

Next we propose a further improved variant of NormalHedge.DT, called AdaNor-

malHedge, which is a highly adaptive algorithm that achieves several objectives si-

multaneously without using any prior information. On one hand, AdaNormalHedge

ensures small regret when the competitor has small loss and almost constant regret

when the losses are stochastic. On the other hand, AdaNormalHedge is able to com-

pete with any convex combination of the experts simultaneously, with a regret in

terms of the relative entropy of the prior and the competitor. This resolves an open

problem proposed by Chaudhuri et al. [26] and Chernov and Vovk [29].

Moreover, we extend the results to the sleeping expert setting and provide two

applications to illustrate the power of AdaNormalHedge: 1) competing with time-

varying unknown competitors and 2) predicting almost as well as the best pruning

tree. Our results on these applications significantly improve previous work from

different aspects, and a special case of the first application resolves another open

problem proposed by Warmuth and Koolen [106] on whether one can simultaneously

achieve optimal shifting regret for both adversarial and stochastic losses.

This chapter includes joint work with Robert Schapire and has appeared in [73, 74].

2.1 A General Framework to Design Algorithms

To solve an online learning problem, it is natural to consider game-theoretically opti-

mal solutions which find the best solution in the worst-case scenario. This is possible

for some special cases ([23, 2, 1, 72]) but difficult in general. On the other hand,

many other efficient algorithms with optimal regret rate (but not exactly minimax

optimal) have been proposed for different learning settings (such as the exponential
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weights algorithm [38, 39], and follow the perturbed leader [63]). However, it is not

always clear how to come up with these algorithms. Recent work by Rakhlin et al.

[91] built a bridge between these two classes of methods by showing that many exist-

ing algorithms can indeed be derived from a minimax analysis followed by a series of

relaxations.

We provide a parallel way to design expert algorithms by first converting the

problem into a drifting game, and then applying a minimax analysis and relaxations.

Drifting games [97] generalize Freund’s “majority-vote game” [37] and subsume some

well-studied boosting and online learning settings. It turns out the connections be-

tween drifting games and online learning go far beyond what has been discussed

previously. In this section we start from connecting drifting games and the classic

expert problem, and then discuss more generalization in Section 2.1.6.

2.1.1 Reviewing Drifting Games

We consider a simplified version of drifting games similar to the one described by

Schapire and Freund [98, chap. 13] (also called chip games). This game proceeds

through T rounds, and is played between a player and an adversary who controls N

chips on the real line. The positions of these chips at the end of round t are denoted

by st ∈ RN , with each coordinate st,i corresponding to the position of chip i. Initially,

all chips are at position 0 so that s0 = 0. On every round t = 1, . . . , T : the player first

chooses a distribution pt over the chips, then the adversary decides the movements

of the chips zt so that the new positions are updated as st = st−1 + zt. Here, each

zt,i has to be picked from a prespecified set B ⊂ R, and more importantly, satisfy the

constraint pt · zt ≥ β ≥ 0 for some fixed constant β.

At the end of the game, each chip is associated with a nonnegative loss defined by

L(sT,i) for some nonincreasing function L mapping from the final position of the chip

to R+. The goal of the player is to minimize the chips’ average loss 1
N

∑N
i=1 L(sT,i)

11



after T rounds. So intuitively, the player aims to “push” the chips to the right by

assigning appropriate weights on them so that the adversary has to move them to

the right by β in a weighted average sense on each round. This game captures many

learning problems. For instance, binary classification via boosting can be translated

into a drifting game by treating each training example as a chip (see [97] for details).

We regard a player’s strategy D as a function mapping from the history of the

adversary’s decisions to a distribution that the player is going to play with, that is,

pt = D(z1:t−1) where z1:t−1 stands for z1, . . . ,zt−1. The player’s worst case loss using

this algorithm is then denoted by LT (D). The minimax optimal loss of the game is

computed by the following expression:

min
D
LT (D) = min

p1∈∆N

max
z1∈Zp1

· · · min
pT∈∆N

max
zT∈ZpT

1

N

N∑
i=1

L(
T∑
t=1

zt,i),

where ∆N is the N dimensional simplex and Zp = BN ∩ {z : p · z ≥ β} is assumed

to be compact. A strategy D∗ that realizes the minimum in minD LT (D) is called a

minimax optimal strategy.

A nearly optimal strategy and its analysis is originally given in [97], and a deriva-

tion by directly tackling the above minimax expression can be found in [98, chap. 13].

Specifically, a sequence of potential functions of a chip’s position is defined recursively

as follows:

ΦT (s) = L(s), Φt−1(s) = min
w∈R+

max
z∈B

(Φt(s+ z) + w(z − β)). (2.1)

Intuitively, the potential function measures the contribution to the final loss of a

chip at a specific position, assuming that both the player and the adversary will

play optimally afterwards. Let wt,i be the weight that realizes the minimum in the
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definition of Φt−1(st−1,i), that is,

wt,i ∈ arg min
w

max
z

(Φt(st−1,i + z) + w(z − β)).

Then the player’s strategy is to set pt,i ∝ wt,i. The key property of this strategy

is that it assures that the sum of the potentials over all the chips never increases,

connecting the player’s final loss with the potential at time 0 as follows:

1

N

N∑
i=1

L(sT,i) ≤
1

N

N∑
i=1

ΦT (sT,i) ≤
1

N

N∑
i=1

ΦT−1(sT−1,i) ≤ · · · ≤
1

N

N∑
i=1

Φ0(s0,i) = Φ0(0).

(2.2)

It has been shown in [97] that this upper bound on the loss is optimal in a very strong

sense.

Moreover, in some cases the potential functions have nice closed forms and thus

the algorithm can be efficiently implemented. For example, in the boosting setting, B

is simply {−1,+1}, and one can verify Φt(s) = 1+β
2

Φt+1(s+ 1) + 1−β
2

Φt+1(s− 1) and

wt,i = 1
2

(Φt(st−1,i − 1)− Φt(st−1,i + 1)). With the loss function L(s) being 1{s ≤ 0},

these can be further simplified and eventually give exactly the boost-by-majority

algorithm [37].

2.1.2 Algorithmic Equivalence

We now show strong connections between drifting games and the expert problem [38].

In the expert problem, a player tries to earn as much as possible (or lose as little as

possible) by cleverly spreading a fixed amount of money to bet on a set of actions on

each day. Formally, the game proceeds for T rounds, and on each round t = 1, . . . , T :

the player chooses a distribution pt over N actions, then the adversary decides the

actions’ losses `t (i.e. action i incurs loss `t,i ∈ [0, 1]) which are revealed to the player.

The player suffers a weighted average loss pt · `t at the end of this round. The goal of
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the player is to minimize his regret, which is usually defined as the difference between

his total loss and the loss of the best action.

Here, we consider an even more general notion of regret studied in [66, 65, 26, 29],

which we call ε-regret. Suppose the actions are ordered according to their total losses

after T rounds (i.e.
∑T

t=1 `t,i) from smallest to largest, and let iε be the index of

the action that is the dNεe-th element in the sorted list (0 < ε ≤ 1). Now, ε-

regret is defined as Rε
T (p1:T , `1:T ) =

∑T
t=1 pt · `t −

∑T
t=1 `t,iε . In other words, ε-regret

measures the difference between the player’s loss and the loss of the dNεe-th best

action (recovering the usual regret with ε ≤ 1/N), and sublinear ε-regret implies that

the player’s loss is almost as good as all but the top ε fraction of actions. Similarly,

Rε
T (H) denotes the worst case ε-regret for a specific algorithm H. For convenience,

when ε ≤ 0 or ε > 1, we define ε-regret to be ∞ or −∞ respectively.

Now we show how this expert problem is highly related to drifting games. Consider

a variant of drifting games where B = [−1, 1], β = 0 and L(s) = 1{s ≤ −R} for

some constant R. Additionally, we impose an extra restriction on the adversary:

|zt,i − zt,j| ≤ 1 for all i and j. In other words, the difference between any two

chips’ movements is at most 1. We denote this specific variant of drifting games by

DGv1 (summarized in Figure 2.1) and a corresponding algorithm by DR to emphasize

the dependence on R. The reductions in Algorithms 1 and 2 and Theorem 1 show

that DGv1 and the expert problem are algorithmically equivalent (note that both

conversions are valid). By Theorem 1, it is clear that the minimax optimal algorithm

for one setting is also minimax optimal for the other under these conversions.

Theorem 1. DGv1 and the expert problem are algorithmically equivalent in the fol-

lowing sense:

(1) Algorithm 1 produces a DGv1 algorithm DR satisfying LT (DR) ≤ i/N where

i ∈ {0, . . . , N} is such that R
(i+1)/N
T (H) < R ≤ R

i/N
T (H).
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DGv1
Given: a loss function L(s) = 1{s ≤ −R}.
For t = 1, . . . , T :

1. The player chooses a distribution pt over N chips.

2. The adversary decides the movement of each chip zt,i ∈ [−1, 1] subject to
pt · zt ≥ 0 and |zt,i − zt,j| ≤ 1 for all i and j.

The player suffers loss
∑N

i=1 L(
∑T

t=1 zt,i).

Figure 2.1: Protocol for a drifting game variant DGv1

Algorithm 1 Conversion of an Expert Algorithm H to a DGv1 Algorithm DR
Input: An Expert Algorithm H

1: for t = 1 to T do
2: Query H: pt = H(`1:t−1).
3: Set: DR(z1:t−1) = pt.
4: Receive movements zt from the adversary.
5: Set: `t,i = zt,i −minj zt,j, ∀i.
6: end for

(2) Algorithm 2 produces an expert algorithm H with Rε
T (H) < R for any R such that

LT (DR) < ε.

Proof. We first show that both conversions are valid. In Algorithm 1, it is clear that

`t,i ≥ 0. Also, `t,i ≤ 1 is guaranteed due to the extra restriction of DGv1. For

Algorithm 2, zt,i lies in B = [−1, 1] since `t,i ∈ [0, 1], and direct computation shows

pt · zt = 0 ≥ β(= 0) and |zt,i − zt,j| = |`t,i − `t,j| ≤ 1 for all i and j.

(1) For any choices of zt, we have

N∑
i=1

L(sT,i) =
N∑
i=1

L

(
N∑
t=1

zt,i

)
≤

N∑
i=1

L

(
N∑
t=1

(zt,i − pt · zt)

)
,

where the inequality holds since pt · zt is required to be nonnegative and L is a

nonincreasing function. By Algorithm 1, zt,i − pt · zt is equal to `t,i − pt · `t, leading
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Algorithm 2 Conversion of a DGv1 Algorithm DR to an Expert Algorithm H
Input: A DGv1 Algorithm DR

1: for t = 1 to T do
2: Query DR: pt = DR(z1:t−1).
3: Set: H(`1:t−1) = pt.
4: Receive losses `t from the adversary.
5: Set: zt,i = `t,i − pt · `t, ∀i.
6: end for

to

N∑
i=1

L(sT,i) ≤
N∑
i=1

L

(
N∑
t=1

(`t,i − pt · `t)

)
=

N∑
i=1

1

{
R ≤

N∑
t=1

(pt · `t − `t,i)

}
.

Since R
(i+1)/N
T (H) < R ≤ R

i/N
T (H), we must have

∑N
t=1 (pt · `t − `t,j) < R except for

the best i actions, which means
∑N

i=1 L(sT,i) ≤ i. This holds for any choices of zt, so

LT (DR) ≤ i/N .

(2) By Algorithm 2 and the condition LT (DR) < ε , we have

1

N

N∑
i=1

1

{
R ≤

N∑
t=1

(pt · `t − `t,i)

}
=

1

N

N∑
i=1

L(sT,i) ≤ LT (DR) < ε,

which means there are at most dNεe − 1 actions satisfying R ≤
∑N

t=1 (pt · `t − `t,i),

and thus
∑N

t=1 (pt · `t − `t,iε) < R. Since this holds for any choices of `t, we have

Rε
T (H) < R.

2.1.3 Relaxations

From now on we only focus on the direction of converting a drifting game algorithm

into an expert algorithm. In order to derive a minimax expert algorithm, Theorem

1 tells us it suffices to derive minimax DGv1 algorithms. Exact minimax analysis is

usually difficult, and appropriate relaxations seem to be necessary. To make use of the

existing analysis for standard drifting games, the first obvious relaxation is to drop the
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additional restriction in DGv1, that is, |zt,i − zt,j| ≤ 1 for all i and j. Doing this will

lead to the exact setting discussed in [83] where a near optimal strategy is proposed

using the recipe in Eq. (2.1). It turns out that this relaxation is reasonable and does

not give too much more power to the adversary. To see this, first recall that results

from [83], written in our notation, state that minDR LT (DR) ≤ 1
2T

∑T−R
2

j=0

(
T+1
j

)
, which,

by Hoeffding’s inequality, is upper bounded by 2 exp
(
− (R+1)2

2(T+1)

)
. Second, statement

(2) in Theorem 1 clearly remains valid if the input of Algorithm 2 is a drifting game

algorithm for this relaxed version of DGv1. Therefore, by setting ε > 2 exp
(
− (R+1)2

2(T+1)

)
and solving for R, we have Rε

T (H) ≤ O
(√

T ln(1
ε
)
)

, which is the known optimal

regret rate for the expert problem, showing that we lose little due to this relaxation.

However, the algorithm proposed in [83] is not computationally efficient since the

potential functions Φt(s) do not have closed forms. To get around this, we would

want the minimax expression in Eq. (2.1) to be easily solved, just like the case when

B = {−1, 1}. It turns out that convexity would allow us to treat B = [−1, 1] almost

as B = {−1, 1}. Specifically, if each Φt(s) is a convex function of s, then due to the

fact that the maximum of a convex function is always realized at the boundary of a

compact region, we have

min
w∈R+

max
z∈[−1,1]

(Φt(s+ z) + wz) = min
w∈R+

max
z∈{−1,1}

(Φt(s+ z) + wz) =
Φt(s− 1) + Φt(s+ 1)

2
,

(2.3)

with w = (Φt(s−1)−Φt(s+1))/2 realizing the minimum. Since the 0-1 loss function

L(s) is not convex, this motivates us to find a convex surrogate of L(s). Fortunately,

relaxing the equality constraints in Eq. (2.1) does not affect the key property of

Eq. (2.2) as we will show in the proof of Theorem 2. “Compiling out” the input

of Algorithm 2, we thus have our general recipe (Algorithm 3) for designing expert

algorithms with the following regret guarantee.
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Algorithm 3 A General Expert Algorithm H
Input: A convex, nonincreasing, nonnegative function ΦT (s).

1: for t = T to 1 do
2: Find a convex function Φt−1(s) s.t. ∀s,
3: Φt(s− 1) + Φt(s+ 1) ≤ 2Φt−1(s).
4: end for
5: Set: s0 = 0.
6: for t = 1 to T do
7: Set: H(`1:t−1) = pt s.t. pt,i ∝ Φt(st−1,i − 1)− Φt(st−1,i + 1).
8: Receive losses `t and set st,i = st−1,i + `t,i − pt · `t, ∀i.
9: end for

Theorem 2. For Algorithm 3, if R and ε are such that Φ0(0) < ε and ΦT (s) ≥ 1{s ≤

−R} for all s ∈ R, then Rε
T (H) < R.

Proof. It suffices to show that Eq. (2.2) holds so that the theorem follows by a direct

application of statement (2) of Theorem 1. Let

wt,i = (Φt(st−1,i − 1)− Φt(st−1,i + 1))/2.

Then we have ∑
i

Φt(st,i) ≤
∑
i

(Φt(st−1,i + zt,i) + wt,izt,i)

since pt,i ∝ wt,i and pt · zt ≥ 0. On the other hand, by Eq. (2.3), we have

Φt(st−1,i + zt,i) + wt,izt,i ≤ min
w∈R+

max
z∈[−1,1]

(Φt(st−1,i + z) + wz)

=
1

2
(Φt(st−1,i − 1) + Φt(st−1,i + 1)) ,

which is at most Φt−1(st−1,i) by Algorithm 3. This shows
∑

i Φt(st,i) ≤
∑

i Φt−1(st−1,i)

and Eq. (2.2) follows.

Theorem 2 tells us that if solving Φ0(0) < ε for R gives R > R for some value R,

then the regret of Algorithm 3 is less than any value that is greater than R, meaning

the regret is at most R.
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Table 2.1: Different potential based algorithms and comparisons with NormalHedge

EXP 2-norm NormalHedge.DT NormalHedge

ΦT (s) e−η(s+R) a[s]2− a
(
e[s]2−/3T − 1

)
N/A

pt,i ∝ e−ηst−1,i
[st−1,i − 1]2−
−[st−1,i + 1]2−

e[st−1,i−1]2−/3t

−e[st−1,i+1]2−/3t

−[st−1,i]−e
[st−1,i]

2
−/c (c is

s.t.
∑

i e
[st−1,i]

2
−/c = Ne)

Rε
T (H) O

(√
T ln 1

ε

)
O
(√

T/ε
)

O
(√

T ln lnT
ε

)
O
(√

T ln 1
ε

+ ln2N
)

Adaptive? No Yes Yes Yes

2.1.4 Designing Potentials and Algorithms

Now we are ready to recover existing algorithms and develop new ones by choosing an

appropriate potential ΦT (s) as Algorithm 3 suggests. We will discuss three different

algorithms below, and summarize these examples in Table 2.1.

Exponential Weights (EXP) Algorithm. Exponential loss is an obvious choice

for ΦT (s) as it has been widely used as the convex surrogate of the 0-1 loss function

in the literature. It turns out that this will lead to the well-known exponential

weights algorithm [38, 39]. Specifically, we pick ΦT (s) to be exp (−η(s+R)) which

exactly upper bounds 1{s ≤ −R}. To compute Φt(s) for t ≤ T , we simply let

Φt(s − 1) + Φt(s + 1) ≤ 2Φt−1(s) hold with equality. Indeed, direct computations

show that all Φt(s) share a similar form: Φt(s) =
(
eη+e−η

2

)T−t
· exp (−η(s+R)) .

Therefore, according to Algorithm 3, the player’s strategy is to set

pt,i ∝ Φt(st−1,i − 1)− Φt(st−1,i + 1) ∝ exp (−ηst−1,i) ,

which is exactly the same as EXP (note that R becomes irrelevant after normaliza-

tion). To derive regret bounds, it suffices to require Φ0(0) < ε, which is equivalent to

R > 1
η

(
ln(1

ε
) + T ln eη+e−η

2

)
. By Theorem 2 and Hoeffding’s lemma (see [22, Lemma

A.1]), we thus know Rε
T (H) ≤ 1

η
ln
(

1
ε

)
+ Tη

2
=
√

2T ln
(

1
ε

)
where the last step is by
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optimally tuning η to be
√

2(ln 1
ε
)/T . Note that this algorithm is not adaptive in the

sense that it requires knowledge of T and ε to set the parameter η.

We have thus recovered the well-known exponential weights algorithm and given

a new analysis using the drifting-games framework. More importantly, as in [91],

this derivation may shed light on why this algorithm works and where it comes from,

namely, a minimax analysis followed by a series of relaxations, starting from a rea-

sonable surrogate of the 0-1 loss function.

2-norm Algorithm. We next move on to another simple convex surrogate:

ΦT (s) = a[s]2− ≥ 1{s ≤ −1/
√
a}, where a is some positive constant and

[s]− = min{0, s} represents a truncating operation. The following lemma shows

that Φt(s) can also be simply described.

Lemma 1. If a > 0, then Φt(s) = a
(
[s]2− + T − t

)
satisfies Φt(s− 1) + Φt(s + 1) ≤

2Φt−1(s).

Proof. It suffices to show [s− 1]2− + [s+ 1]2− ≤ 2[s]2− + 2. When s ≥ 0, we have

[s− 1]2− + [s+ 1]2− = [s− 1]2− ≤ 1 < 2 = 2[s]2− + 2.

When s < 0, we also have

[s− 1]2− + [s+ 1]2− ≤ (s− 1)2 + (s+ 1)2 = 2s2 + 2 = 2[s]2− + 2,

completing the proof.

Thus, Algorithm 3 can again be applied. The resulting algorithm is extremely

concise:

pt,i ∝ Φt(st−1,i − 1)− Φt(st−1,i + 1) ∝ [st−1,i − 1]2− − [st−1,i + 1]2−.
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We call this the “2-norm” algorithm since it resembles the p-norm algorithm [22] when

p = 2. The difference is that the p-norm algorithm sets the weights proportional to

the derivative of potentials, instead of the difference of them as we are doing here.

A somewhat surprising property of this algorithm is that it is totally adaptive and

parameter-free (since a disappears under normalization), a property that we usually

do not expect to obtain from a minimax analysis. Direct application of Theorem

2 (Φ0(0) = aT < ε ⇔ 1/
√
a >

√
T/ε) shows that its regret achieves the optimal

dependence on the horizon T .

Corollary 1. Algorithm 3 with potential Φt(s) defined in Lemma 1 produces an expert

algorithm H such that Rε
T (H) ≤

√
T/ε simultaneously for all T and ε.

NormalHedge.DT. The regret for the 2-norm algorithm does not have the opti-

mal dependence on ε. An obvious follow-up question would be whether it is possible

to derive an adaptive algorithm that achieves the optimal rate O(
√
T ln(1/ε)) simul-

taneously for all T and ε using our framework. An even deeper question is: instead

of choosing convex surrogates in a seemingly arbitrary way, is there a more natural

way to find the right choice of ΦT (s)?

To answer these questions, we recall that the reason why the 2-norm algorithm

can get rid of the dependence on ε is that ε appears merely in the multiplicative

constant a that does not play a role after normalization. This motivates us to let

ΦT (s) in the form of εF (s) for some F (s). On the other hand, from Theorem 2, we

also want εF (s) to upper bound the 0-1 loss function 1{s ≤ −
√
dT ln(1/ε)} for some

constant d. Taken together, this is telling us that the right choice of F (s) should be

of the form Θ (exp(s2/T )) (similar potential was also proposed in recent work [79, 87]

for a different setting). Of course we still need to refine it to satisfy the monotonicity
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and other properties. We define ΦT (s) formally and more generally as:

ΦT (s) = a
(

exp
(

[s]2−
dT

)
− 1
)
≥ 1

{
s ≤ −

√
dT ln

(
1
a

+ 1
)}

,

where a and d are some positive constants. This time it is more involved to figure out

what other Φt(s) should be. The following lemma addresses this issue (proof deferred

to Appendix A.1).

Lemma 2. If bt = 1 − 1
2

∑T
τ=t+1

(
exp

(
4
dτ

)
− 1
)
, a > 0, d ≥ 3 and Φt(s) =

a
(

exp
(

[s]2−
dt

)
− bt

)
(define Φ0(s) ≡ a(1− b0)), then we have Φt(s− 1) + Φt(s+ 1) ≤

2Φt−1(s) for all s ∈ R and t = 2, . . . , T . Moreover, Eq. (2.2) still holds.

Note that even if Φ1(s− 1) + Φ1(s+ 1) ≤ 2Φ0(s) is not valid in general, Lemma 2

states that Eq. (2.2) still holds. Thus Algorithm 3 can indeed still be applied, leading

to our new algorithm:

pt,i ∝ Φt(st−1,i − 1)− Φt(st−1,i + 1) ∝ exp
(

[st−1,i−1]2−
dt

)
− exp

(
[st−1,i+1]2−

dt

)
.

Here, d seems to be an extra parameter, but in fact, simply setting d = 3 is good

enough:

Corollary 2. Algorithm 3 with potential Φt(s) defined in Lemma 2 and d = 3 produces

an expert algorithm H such that the following holds simultaneously for all T and ε:

Rε
T (H) ≤

√
3T ln

(
1
2ε

(e4/3 − 1) (lnT + 1) + 1
)

= O
(√

T ln (1/ε) + T ln lnT
)
.

Proof. Recall that ΦT (s) ≥ 1
{
s ≤ −

√
dT ln

(
1
a

+ 1
)}

. So by setting Φ0(0) = a(1 −

b0) < ε and applying Theorem 2, we arrive at

Rε
T (H) ≤

√
dT ln

(
1− b0

ε
+ 1

)
.
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It suffices to upper bound 1− b0, which, by definition, is 1
2

∑T
t=1

(
exp

(
4
dt

)
− 1
)
. Since

ex − 1 ≤ ec−1
c
x for any x ∈ [0, c], we have

T∑
t=1

(
exp

(
4

dt

)
− 1

)
≤ (e4/d − 1)

T∑
t=1

1

t
≤ (e4/d − 1)(lnT + 1).

Plugging d = 3 gives the corollary.

We have thus proposed a parameter-free adaptive algorithm with optimal regret

rate (ignoring the ln lnT term) using our drifting-games framework. In fact, our

algorithm bears a striking similarity to NormalHedge [26], the first algorithm that has

this kind of adaptivity. We thus name our algorithm NormalHedge.DT1. We include

NormalHedge in Table 2.1 for comparison. One can see that the main differences are:

1) On each round NormalHedge performs a numerical search to find out the right

parameter used in the exponents; 2) NormalHedge uses the derivative of potentials

as weights.

Compared to NormalHedge, the regret bound for NormalHedge.DT has no explicit

dependence on N , but has a slightly worse dependence on T (indeed ln lnT is almost

negligible). We emphasize other advantages of our algorithm over NormalHedge: 1)

NormalHedge.DT is more computationally efficient especially when N is very large,

since it does not need a numerical search for each round; 2) our analysis is arguably

simpler and more intuitive than the one in [26]; 3) as we will discuss in Section 2.1.6,

NormalHedge.DT can be easily extended to deal with the more general online convex

optimization problem where the number of actions is infinitely large, while it is not

clear how to do that for NormalHedge by generalizing the analysis in [26]. Indeed,

the extra dependence on the number of actions N for the regret of NormalHedge

makes this generalization even seem impossible. Finally, we will later see that Nor-

malHedge.DT outperforms NormalHedge in experiments. Despite the differences, it is

1“DT” stands for discrete time.
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worth noting that both algorithms assign zero weight to some actions on each round,

an appealing property when N is huge.

2.1.5 High Probability Bounds

We briefly remark how our drifting-games framework also allows us to study high

probability bounds without resorting to any concentration results. We consider a

common variant of the expert problem: on each round, instead of choosing a dis-

tribution pt, the player has to randomly pick a single action it, while the adversary

decides the losses `t at the same time (without seeing it). For now we only focus

on the player’s regret to the best action: RT (i1:T , `1:T ) =
∑T

t=1 `t,it − mini
∑T

t=1 `t,i.

Notice that the regret is now a random variable, and we are interested in a bound

that holds with high probability. Using Azuma’s inequality, standard analysis (see

for instance [22, Lemma 4.1]) shows that the player can simply draw it according to

pt = H(`1:t−1), the output of a standard expert algorithm, and suffers regret at most

RT (H) +
√
T ln(1/δ) with probability 1 − δ. Below we recover similar results as a

simple side product of our drifting-games analysis without resorting to concentration

results, such as Azuma’s inequality.

For this, we only need to modify Algorithm 3 by setting zt,i = `t,i − `t,it . The

restriction pt · zt ≥ 0 is then relaxed to hold in expectation. Moreover, it is clear

that Eq. (2.2) also still holds in expectation. On the other hand, by definition

and the union bound, one can show that
∑

i E[L(sT,i)] =
∑

i Pr [sT,i ≤ −R] ≥

Pr [RT (i1:T , `1:T ) ≥ R]. So setting Φ0(0) = δ shows that the regret is smaller than R

with probability 1− δ. Therefore, for example, if EXP is used, then the regret would

be at most
√

2T ln(N/δ) with probability 1− δ, giving basically the same bound as

the standard analysis. One draw back is that EXP would need δ as a parameter.

However, this can again be addressed by NormalHedge.DT for the exact same reason
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that NormalHedge.DT is independent of ε. We have thus derived high probability

bounds without using any concentration inequalities.

2.1.6 Generalizations

We have so far shown strong relations between drifting games and a specific online

learning problem. However, the connections go far beyond that as we briefly discuss

here.

Multi-armed Bandit (MAB) Problem. We first consider the multi-armed ban-

dit problem [93]. The only difference between the expert problem (randomized ver-

sion) and the non-stochastic MAB problem [7] is that on each round, after picking it,

the player only sees the loss for this single action `t,it instead of the whole vector `t.

The goal is still to compete with the best action. A common technique used in the

bandit setting is to build an unbiased estimator ˆ̀
t for the losses, which in this case

could be ˆ̀
t,i = 1{i = it} · `t,it/pt,it . Then algorithms such as EXP can be used by

replacing `t with ˆ̀
t, leading to the EXP3 algorithm [7] with regret O(

√
TN lnN).

One might expect that Algorithm 3 would also work well by replacing `t with ˆ̀
t.

However, doing so breaks an important property of the movements zt,i: boundedness.

Indeed, Eq. (2.3) no longer makes sense if z could be infinitely large, even if in

expectation it is still in [−1, 1] (note that zt,i is now a random variable). It turns out

that we can address this issue by imposing a variance constraint on zt,i. Formally,

we consider a variant of drifting games where on each round, the adversary picks a

random movement zt,i for each chip such that: zt,i ≥ −1,Et[zt,i] ≤ 1,Et[z2
t,i] ≤ 1/pt,i

and Et[pt · zt] ≥ 0. We call this variant DGv2 and summarize it in Appendix A.2.

The standard minimax analysis and the derivation of potential functions need to be

modified in a certain way for DGv2, as stated in Theorem 20 (Appendix A.2). Using

the analysis for DGv2, we propose a general recipe for designing MAB algorithms
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in a similar way as for the expert problem and also recover EXP3 (see Algorithm

24 and Theorem 21 in Appendix A.2). Unfortunately so far we do not know other

appropriate potentials due to some technical difficulties. We conjecture, however,

that there is a potential function that could recover the poly-INF algorithm [5, 6] or

give its variants that achieve the optimal regret O(
√
TN).

Online Convex Optimization. We next consider the most general online convex

optimization (OCO) setting [112] that is mentioned in Chapter 1. Let K ⊂ Rd be a

compact convex set, and F be a set of convex functions with range [0, 1] on K. Recall

that in this setting, On each round t, the learner chooses a point wt ∈ S, and the

adversary chooses a loss function ft ∈ F (knowing wt). The learner then suffers loss

ft(wt). The regret after T rounds is RT =
∑T

t=1 ft(wt)−minw∈K
∑T

t=1 ft(w). There

are two general approaches to OCO: one builds on convex optimization theory [101],

and the other generalizes the exponential weights algorithm to a continuous space

[31, 84]. We will see how the drifting-games framework can recover the latter method

and also leads to new ones.

To do so, we introduce a continuous variant of drifting games (DGv3, see Appendix

A.3). There are now infinitely many chips, one for each point in K. On round t, the

player needs to choose a distribution over the chips, that is, a probability density

function pt(w) on S. Then the adversary decides the movements for each chip, that

is, a function zt(w) with range [−1, 1] on S (not necessarily convex or continuous),

subject to a constraint Ew∼pt [zt(w)] ≥ 0. At the end, each point w is associated with

a loss L(w) = 1{
∑

t zt(w) ≤ −R}, and the player aims to minimize the total loss∫
w∈K L(w)dw.

OCO can be converted into DGv3 by setting zt(w) = ft(w)−ft(wt) and predicting

wt = Ew∼pt [w] ∈ K. The constraint Ew∼pt [zt(w)] ≥ 0 holds by the convexity of ft.

Moreover, it turns out that the minimax analysis and potentials for DGv1 can readily
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Algorithm 4 NH-Boost.DT

Input: Training examples (xi, yi) ∈ Rd × {−1,+1}, i = 1, . . . , N.
Input: A weak learning algorithm.
Input: Number of rounds T .
Output: A Hypothesis H(x) : Rd → {−1,+1}.

1: Set: s0 = 0.
2: for t = 1 to T do
3: Set: pt,i ∝ exp

(
[st−1,i − 1]2−/3t

)
− exp

(
[st−1,i + 1]2−/3t

)
, ∀i.

4: Invoke the weak learning algorithm to get ht with edge γt = 1
2

∑
i pt,iyiht(xi).

5: Set: st,i = st−1,i + 1
2
yiht(xi)− γt, ∀i.

6: end for
7: Set: H(x) = sign(

∑T
t=1 ht(x)).

be used here, and the notion of ε-regret, now generalized to the OCO setting, measures

the difference of the player’s loss and the loss of a best fixed point in a subset of S that

excludes the top ε fraction of points. With different potentials, we obtain versions of

each of the three algorithms of Section 2.1.4 generalized to this setting, with the same

ε-regret bounds as before. Again, two of these methods are adaptive and parameter-

free. To derive bounds for the usual regret, at first glance it seems that we have to set

ε to be close to zero, leading to a meaningless bound. Nevertheless, this is addressed

by Theorem 22 using similar techniques in [57], giving the usual O(
√
dT lnT ) regret

bound. All details can be found in Appendix A.3.

2.2 Applications to Boosting

There is a deep and well-known connection between the expert problem and boosting

[38, 98]. In principle, every expert algorithm with sublinear regret can be converted

into a boosting algorithm; for instance, this is how AdaBoost was derived from the

exponential weights algorithm [38]. In the same way, NormalHedge.DT can be con-

verted into a new boosting algorithm with some nice properties, which we discuss in

details below.
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Algorithm 5 NH-Boost

Input: Training examples (xi, yi) ∈ Rd × {−1,+1}, i = 1, . . . , N.
Input: A weak learning algorithm.
Input: Number of rounds T .
Output: A Hypothesis H(x) : Rd → {−1,+1}.

1: Set: s0 = 0.
2: for t = 1 to T do
3: if t = 1 then
4: Set: p1 to be a uniform distribution.
5: else
6: Find: c such that

∑N
i=1 exp

(
[st−1,i]

2
−/c
)

= Ne.
7: Set: pt,i ∝ −[st−1,i]− exp

(
[st−1,i]

2
−/c
)
, ∀i.

8: end if
9: Invoke the weak learning algorithm to get ht with edge γt = 1

2

∑
i pt,iyiht(xi).

10: Set: st,i = st−1,i + 1
2
yiht(xi)− γt, ∀i.

11: end for
12: Set: H(x) = sign(

∑T
t=1 ht(x)).

Consider using boosting for binary classification. We are given a set of training

examples (xi, yi)i=1,...,N where xi ∈ Rd is an example and yi ∈ {−1,+1} is its label.

A boosting algorithm proceeds for T rounds. On each round, a distribution pt over

the examples is computed and fed into a weak learning algorithm which returns

a “weak” hypothesis ht : Rd → {−1,+1} with a guaranteed small edge, that is,

γt = 1
2

∑
i pt,iyiht(xi) ≥ γ > 0. At the end, a linear combination of all ht is computed

as the final “strong” hypothesis which is expected to have low training error and

potentially low generalization error.

The conversion of an expert algorithm into a boosting algorithm is to treat each

example as an expert and set `t,i = 1{ht(xi) = yi} so that the booster tends to

increase weights for those “hard” examples. The final hypothesis is a simple majority

vote of all ht, that is, H(x) = sign(
∑

t ht(x)). The margin of example xi is defined

as 1
T

∑T
t=1 yiht(xi), that is, the difference between the fractions of correct hypotheses

and incorrect hypotheses on this example. The boosting algorithms derived from

NormalHedge.DT and NormalHedge in this way are given in Algorithm 4 and 5.

28



Studying the training error rate and the distribution of margins is essential in

understanding the prediction accuracy of a boosting algorithm. Previous derivations

of boosting algorithms using nonadaptive expert algorithms only show the number of

rounds needed to achieve zero training error, and the minimum margin of examples

at each time (see [98]). However, thanks to the adaptivity of NormalHedge.DT, here

we can derive training error rate at each time and also the distribution of margins at

each time for NH-Boost.DT.

Theorem 3. After T rounds, the training error of NH-Boost.DT is of order

Õ(exp(−1
3
Tγ2)), and the fraction of training examples with margin at most θ(≤ 2γ)

is of order Õ(exp(−1
3
T (θ − 2γ)2)).

Proof. Let (x̃i, ỹi)i=1,...,N be a permutation of the training examples such that their

margins are sorted from smallest to largest:
∑

t ỹ1ht(x̃1) ≤ · · · ≤
∑

t ỹNht(x̃N),

which also implies
∑

t 1{ht(x̃1) = ỹ1} ≤ · · · ≤
∑

t 1{ht(x̃N) = ỹN}. Recall that NH-

Boost.DT is essentially solving the expert problem using NormalHedge.DT with loss

`t,i = 1{ht(xi) = yi}. Therefore, the ε-regret bound together with the assumption on

the weak learning algorithm implies: ∀j ∈ {1, . . . , N},

1

2
+ γ ≤ 1

T

T∑
t=1

N∑
i=1

pt,i1{ht(xi) = yi} ≤
1

T

T∑
t=1

1{ht(x̃j) = ỹj}+
R
j/N
T

T
, (2.4)

where R
j/N
T = Õ(

√
3T ln(N/j)) is the j/N -regret bound for NormalHedge.DT. So if

j is such that γ > R
j/N
T /T , we have 1

T

∑T
t=1 1{ht(x̃j) = ỹj} > 1

2
, which is saying that

example (x̃j, ỹj) will eventually be classified correctly by H(x) due to the fact that

H(x) is taking a majority vote of all ht. This is in fact true for all examples (x̃i, ỹi)

such that i ≥ j and thus the training error rate will be at most (j − 1)/N , which is

of order Õ(exp(−1
3
Tγ2)).

29



For the margin bound, by plugging 1{ht(x̃j) = ỹj} = (ỹjht(x̃j) + 1)/2, we rewrite

Eq. (2.4) as:

2

(
γ − R

j/N
T

T

)
≤ 1

T

T∑
t=1

ỹjht(x̃j).

Therefore, if j is such that θ < 2(γ − Rj/N
T /T ), then the fraction of examples with

margin at most θ is again at most (j − 1)/N , which is of order Õ(exp(−1
3
T (θ −

2γ)2)).

Thus, the training error decreases at roughly the same rate as AdaBoost. In ad-

dition, this theorem implies that the fraction of examples with margin smaller than

2γ eventually goes to zero as T gets large, which means NH-Boost.DT converges to

the optimal margin 2γ; this is known not to be true for AdaBoost (see [98]). Also,

like AdaBoost, NH-Boost.DT is an adaptive boosting algorithm that does not require

γ or T as a parameter. However, unlike AdaBoost, NH-Boost.DT has the striking

property that it completely ignores many examples on each round (by assigning zero

weight), which is very helpful for the weak learning algorithm in terms of computa-

tional efficiency.

2.2.1 Experiments

We conducted experiments to compare the performance of three boosting algorithms

for binary classification: AdaBoost [38], NH-Boost (Algorithm 5) and NH-Boost.DT

(Algorithm 4), using a set of benchmark data available from the UCI repository2 and

LIBSVM datasets3. Some datasets are preprocessed according to [92]. The number

of features, training examples and test examples can be found in Appendix D.

All features are binary. The weak learning algorithm is a simple (exhaustive)

decision stump (see for instance [98, Chap 1.2]). On each round, the weak learning

algorithm enumerates all features, and for each feature computes the weighted error of

2http://archive.ics.uci.edu/ml/
3http://www.csie.ntu.edu.tw/~cjlin/libsvmtools/datasets/
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the corresponding stump on the weighted training examples. Therefore, if the number

of examples with zero weight is relatively large, then the weak learning algorithm

would be faster in computing the weighted error and thus faster in finding the best

feature.

All boosting algorithms are run for two hundred rounds. The results are summa-

rized in Table 2.2, with bold entries being the best ones among the three (AB, NB and

NBDT stand for AdaBoost, NH-Boost and NH-Boost.DT respectively). As we can

see, in terms of training error and test error, all three algorithms have similar perfor-

mance. However, our NH-Boost.DT algorithm is always the fastest one. The average

fraction of examples with zero weights for NH-Boost.DT is significantly higher than

the one for NH-Boost (note that AdaBoost does not assign zero weight at all). We

plot the change of this fraction over rounds in Figure 2.2 (using three datasets). As

both algorithms proceed, they tend to ignore more and more examples on each round,

but NH-Boost.DT consistently ignores more examples than NH-Boost.

Since st,i is positively correlated to the margin of example i (1
t

∑t
τ=1 yihτ (xi)) and

large st,i leads to zero weight, the above phenomenon in fact implies that the examples’

margins should be larger for NH-Boost.DT than for NH-Boost. This is confirmed by

Figure 2.3, where we plot the final cumulative margins on three datasets (i.e. each

point represents the fraction of examples with at most some fixed margin). One

can see that the lines for NH-Boost.DT are below the ones for NH-Boost (and even

AdaBoost) most of the time, meaning that NH-Boost.DT achieves larger margins in

general. This could explain NH-Boost.DT’s better test error on some datasets.

2.3 An Improved Variant: AdaNormalHedge

The regret for NormalHedge.DT is of order O(
√
T ), which is always increasing in T

and thus too conservative. Ideally we want the algorithm to achieve much smaller
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Table 2.2: Training and test error for different boosting algorithms

Time (s) Zeros (%) Training Error (%) Test Error (%)
Data AB NB NBDT NB NBDT AB NB NBDT AB NB NBDT
a9a 57.5 72.5 46.2 1.1 22.1 15.4 15.8 15.5 15.0 15.6 15.2

census 1.7 2.2 1.4 2.2 19.2 15.6 17.0 15.4 18.7 18.6 18.3
ocr49 5.1 4.7 3.0 17.1 42.0 1.7 1.7 2.4 5.5 5.9 5.8
splice 1.6 1.5 0.9 22.2 45.1 0.0 0.0 0.4 9.4 8.6 8.2
w8a 237.6 244.7 170.7 3.0 29.3 2.6 2.2 2.4 2.7 2.3 2.6
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Figure 2.2: Comparisons of fraction of zero weights between NH-Boost and NH-
Boost.DT

regret when the problem is “easy” while still ensuring worst-case robustness, which

indeed has been studied in several previous works [32, 104, 42]. Besides this goal,

various difficult objectives requiring more adaptive algorithms were also studied in

recent years, such as: competing with a sequence of different combinations of the

experts [60, 25] and learning with experts who provide confidence-rated advice [16].

However, in most cases these objectives are achieved by different algorithms sepa-

rately. It is very desirable to have one single algorithm that can achieve all these

goals simultaneously.

It turns out that a simple refinement of our NormalHedge.DT algorithm can indeed

lead to such a highly adaptive algorithm achieving all the goals, with even improved

results in some cases compared to previous work. To describe the algorithm, we first

introduce some more notation to ease the presentation. Denote the learner’s loss
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Figure 2.3: Comparisons of cumulative margins between AdaBoost, NH-Boost and
NH-Boost.DT

pt · `t by ˆ̀
t, the instantaneous regret to expert i on round t by rt,i = ˆ̀

t − `t,i, the

cumulative regret by Rt,i =
∑t

τ=1 rτ,i, and the cumulative loss by Lt,i =
∑t

τ=1 `τ,i.

We also define L̃t,i =
∑t

τ=1[`τ,i− ˆ̀
τ ]+. Many bounds discussed below will be in terms

of L̃T,i, which is always at most LT,i since trivially [`t,i − ˆ̀
t]+ ≤ `t,i. We will use bold

letters to denote vectors with N corresponding coordinates. For example, rt, Rt and

Lt represent (rt,1, . . . , rt,N), (Rt,1, . . . , Rt,N) and (Lt,1, . . . , Lt,N) respectively.

We consider a more general regret definition where the learner wants to have

performance close to an arbitrary convex combination of experts: RT (u) =
∑T

t=1 u ·

rt =
∑T

t=1 pt · `t−u · `t where the competitor u is a fixed unknown distribution over

the experts. Let ε ∈ (0, 1] and competitor u∗ε be a distribution that puts all the mass

on the dNεe-th best expert. Then it is clear that RT (u∗ε) corresponds to the previous

notation Rε
T . When it is clear from the context, we drop the subscript T in RT (u).

Now we rewrite NormalHedge.DT in the following way. Define potential func-

tion Φ(R,C) = exp
(

[R]2+
3C

)
with Φ(0, 0) defined to be 1, and also a weight function

with respect to this potential: w(R,C) = 1
2

(Φ(R + 1, C + 1)− Φ(R− 1, C + 1)).

Then the prediction of NormalHedge.DT is simply to set pt,i to be proportional to

w(Rt−1,i, Ct−1) where Ct = t for all t. Note that Ct is closely related to the regret.

In fact, the regret is roughly of order
√
CT as shown in Section 2.1.4. Therefore, in

order to get an expert-wise and more refined bound, we replace Ct by Ct,i for each
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Algorithm 6 AdaNormalHedge

1: Input: A prior distribution q ∈ ∆N over experts (uniform if no prior available).
2: Initialize: ∀i ∈ [N ], R0,i = 0, C0,i = 0.
3: for t = 1 to T do
4: Predict pt,i ∝ qiw(Rt−1,i, Ct−1,i).

5: Adversary reveals loss vector `t and player suffers loss ˆ̀
t = pt · `t.

6: Set ∀i ∈ [N ], rt,i = ˆ̀
t − `t,i, Rt,i = Rt−1,i + rt,i, Ct,i = Ct−1,i + |rt,i|.

7: end for

expert so that it captures some useful information for each expert i. There are several

possible choices for Ct,i, but for now we focus on the one used in our new algorithm:

Ct,i =
∑t

τ=1 |rτ,i|, that is, the cumulative magnitude of the instantaneous regrets up

to time t. We call this algorithm AdaNormalHedge and summarize it in Algorithm

6. Note that we even allow the player to have a prior distribution q over the ex-

perts, which will be useful in some applications as we will see in Section 2.3.3. The

theoretical guarantee of AdaNormalHedge is stated below.

Theorem 4. The regret of AdaNormalHedge to any competitor u ∈ ∆N is bounded

as follows:

R(u) ≤
√

3(u ·CT ) (RE(u || q) + lnB + ln(1 + lnN)) = Ô(
√

(u ·CT )RE(u || q)),

(2.5)

where CT = (CT,1, . . . , CT,N), B = 1 + 3
2

∑
i qi (1 + ln(1 + CT,i)) ≤ 5

2
+ 3

2
ln(1 + T ).

Moreover, if u is a uniform distribution over a subset of [N ], then the regret can be

improved to

R(u) ≤
√

3(u ·CT ) (RE(u || q) + lnB + 1). (2.6)

Before we prove this theorem, we discuss some implications of the regret bounds

and why they are interesting. First of all, the relative entropy term RE(u || q) cap-

tures how close the player’s prior is to the competitor. A bound in terms of RE(u || q)

can be obtained, for example, using the classic exponential weights algorithm but re-
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quires carefully tuning the learning rate as a function of u. AdaNormalHedge achieves

this bound without knowing u.

On the other hand, if q is a uniform distribution, then using bound (2.6) and

the fact CT,i ≤ T , we get an ε-regret bound similar to the one of NormalHedge.DT:

R(u∗ε) ≤ R(uSε) ≤
√

3T
(
ln
(

1
ε

)
+ lnB + 1

)
where uSε is uniform over the top dNεe

experts in terms of their total loss LT,i.

However, the power of a bound in terms of CT is far more than this. Gaillard et al.

[42] introduced a new second order bound that implies much smaller regret when the

problem is easy. It turns out that our seemingly weaker first order bound is also

enough to get the exact same results! We state these implications in the following

theorem which is essentially a restatement of Theorems 9 and 11 of Gaillard et al.

[42] with weaker conditions.

Theorem 5. Suppose an expert algorithm guarantees R(u) ≤
√

(u ·CT )A(u) where

A(u) is some function of u. Then it also satisfies the following:

1. Recall LT,i =
∑T

t=1 `t,i and L̃T,i =
∑T

t=1[`t,i − ˆ̀
t]+. We have

R(u) ≤
√

2(u · L̃T )A(u) + A(u) ≤
√

2(u · LT )A(u) + A(u).

2. Suppose the loss vector `t are independent random variables and there exists an

i∗ and some α ∈ (0, 1] such that E[`t,i−`t,i∗ ] ≥ α for any t and i 6= i∗. Let ei∗ be

a distribution that puts all the mass on expert i∗. Then we have E[RT,i∗ ] ≤ A(ei∗ )
α

,

and with probability at least 1− δ, RT,i∗ ≤ Ô
(
A(ei∗ )
α

+ 1
α

√
A(ei∗) ln 1

δ

)
.

Proof. For the first result, the key observation is u · CT = R(u) + 2u · L̃T . We

only consider the case when R(u) ≥ 0 since otherwise the statement is trivial. By the

condition of the theorem we thus have R(u)2 ≤ (R(u)+2u·L̃T )A(u), which by solving

for R(u) gives R(u) ≤ 1
2
(A(u) +

√
A(u)2 + 8(u · L̃T )A(u)) ≤

√
2(u · L̃T )A(u) +

A(u), proving the bound we want.
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For the second result, let Et denote the expectation conditioning on all the ran-

domness up to round t. So by the condition, we have Et[rt,i∗ ] =
∑N

i=1 pt,iEt[`t,i−`t,i∗ ] ≥

α(1 − pt,i∗), and thus E[RT,i∗ ] ≥ αS where we define S =
∑T

t=1 E[1 − pt,i∗ ]. On the

other hand, by convexity we also have |rt,i∗| ≤
∑N

i=1 pt,i|`t,i − `t,i∗| ≤ 1 − pt,i∗ and

thus E[RT,i∗ ] ≤ E[
√
A(ei∗)CT,i∗ ] ≤

√
A(ei∗)S by the concavity of the square root

function. Combining the above two statements gives S ≤ A(ei∗ )
α2 , and plugging this

back shows E[RT,i∗ ] ≤ A(ei∗ )
α

. The high probability statement follows from the exact

same argument of Gaillard et al. [42] using a martingale concentration lemma.

For AdaNormalHedge, the term A(u) is 3(RE(u || q) + lnB + ln(1 + lnN)) in

general (or smaller for special u as stated in Theorem 4). Applying Theorem 5 we

have R(u) = Ô
(√

(u · L̃T )RE(u || q)
)
.4 Specifically, if q is uniform and assuming

without loss of generality that LT,1 ≤ · · · ≤ LT,N , then by a similar argument, we

have for AdaNormalHedge, R(u∗ε) ≤ Ô
(√

L̃T,dNεe ln
(

1
ε

))
for any ε. This answers

the open question (in the affirmative) asked by Chaudhuri et al. [26] and Chernov

and Vovk [29] on whether an improvement for small loss can be obtained for ε-regret

without knowing ε.

On the other hand, when we are in a stochastic setting as stated in Theorem

5, AdaNormalHedge ensures RT,i∗ ≤ Ô
(

1
α

ln
(

1
qi∗

))
in expectation (or with high

probability with an extra confidence term), which does not grow with T . Therefore,

the new regret bound in terms of CT actually leads to significant improvements

compared to NormalHedge.DT.

Comparison to Adapt-ML-Prod [42]. Adapt-ML-Prod enjoys a second order

bound in terms of
∑T

t=1 r
2
t,i, which is always at most the term

∑T
t=1 |rt,i| that appears

in our bounds. On the one hand, as discussed above, these two bounds have the

4 We see O(RE(u || q)) as a minor term and hide it in the big O notation, which is not completely
rigorous but will ease the presentation. We treat other first-order bounds in the same way in this
work.
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same improvements when the problem is easy in several senses; on the other hand,

Adapt-ML-Prod does not provide a bound in terms of RE(u || q) for an unknown

u. In fact, as discussed at the end of Section A.3 of Gaillard et al. [42], Adapt-ML-

Prod cannot improve by exploiting a good prior q (or at least its current analysis

cannot). Specifically, while the regret for AdaNormalHedge does not have an explicit

dependence on N and is much smaller when the prior q is close to the competitor

u, the regret for Adapt-ML-Prod always has a lnN multiplicative term for
∑T

t=1 r
2
t,i,

which means even a good prior results in the same regret as a uniform prior! More

advantages of AdaNormalHedge over Adapt-ML-Prod will be discussed in concrete

examples in the following sections.

2.3.1 Analysis of AdaNormalHedge

We prove Theorem 4 in this section. We need the following two lemmas. The first

one is an improved version of Lemma 2.

Lemma 3. For any R ∈ R, C ≥ 0 and r ∈ [−1, 1], we have

Φ(R + r, C + |r|) ≤ Φ(R,C) + w(R,C)r +
3|r|

2(C + 1)
.

Proof. We first argue that Φ(R+ r, C+ |r|), as a function of r, is piecewise-convex on

[−1, 0] and [0, 1]. Since the value of the function is 1 when R+ r < 0 and is at least 1

otherwise, it suffices to only consider the case when R+ r ≥ 0. On the interval [0, 1],

we can rewrite the exponent (ignoring the constant 1
3
) as:

(R + r)2

C + r
= (C + r) +

(R− C)2

C + r
+ 2(R− C),

which is convex in r. Combining with the fact that “if g(x) is convex then exp(g(x))

is also convex” proves that Φ(R + r, C + |r|) is convex on [0, 1]. Similarly when
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r ∈ [−1, 0], rewriting the exponent as

(R + r)2

C − r
= (C − r) +

(R + C)2

C − r
− 2(R + C)

completes the argument.

Now define function f(r) = Φ(R+r, C+ |r|)−w(R,C)r. Since f(r) is clearly also

piecewise-convex on [−1, 0] and [0, 1], we know that the curve of f(r) is below the

segment connecting points (−1, f(−1)) and (0, f(0)) on [−1, 0], and also below the

segment connecting points (1, f(1)) and (0, f(0)) on [0, 1]. This can be mathematically

expressed as:

f(r) ≤ max{f(0) + (f(0)− f(−1))r, f(0) + (f(1)− f(0))r} = f(0) + (f(1)− f(0))|r|,

where we use the fact f(−1) = f(1). Now by Lemma 2, we have

f(1)− f(0) = 1
2

(Φ(R + 1, C + 1) + Φ(R− 1, C + 1))− Φ(R,C)

≤ 1
2

(
exp

(
4

3(C+1)

)
− 1
)
,

which is at most e4/3−1
2(C+1)

since C is nonnegative and ex − 1 ≤ ea−1
a
x for any x ∈ [0, a].

Noting that e4/3 − 1 ≤ 3 completes the proof.

The second lemma makes use of Lemma 3 to show that the weighted sum of

potentials does not increase much and thus the final potential is relatively small.

Lemma 4. AdaNormalHedge ensures

N∑
i=1

qiΦ(RT,i, CT,i) ≤ B = 1 +
3

2

N∑
i=1

qi (1 + ln(1 + CT,i)) .
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Proof. First note that since AdaNormalHedge predicts pt,i ∝ qiw(Rt−1,i, Ct−1,i), we

have ∑N
i=1 qiw(Rt−1,i, Ct−1,i)rt,i = 0. (2.7)

Now applying Lemma 3 with R = Rt−1,i, C = Ct−1,i and r = rt,i, multiplying

the inequality by qi on both sides and summing over i gives
∑N

i=1 qiΦ(Rt,i, Ct,i) ≤∑N
i=1 qiΦ(Rt−1,i, Ct−1,i) + 3

2

∑N
i=1

qi|rt,i|
Ct−1,i+1

. We then sum over t ∈ [T ] and telescope to

show
∑N

i=1 qiΦ(RT,i, CT,i) ≤ 1 + 3
2

∑N
i=1 qi

∑T
t=1

|rt,i|
Ct−1,i+1

. Finally applying Lemma 14

of [42] to show
∑T

t=1
|rt,i|

Ct−1,i+1
≤ 1 + ln(1 + CT,i) completes the proof.

We are now ready to prove Theorem 4.

Proof of Theorem 4. Assume q1Φ(RT,1, CT,1) ≥ · · · ≥ qNΦ(RT,N , CT,N) without

loss of generality. Then by Lemma 4, it must be true that qiΦ(RT,i, CT,i) ≤ B
i

for

all i, which, by solving for RT,i, gives RT,i ≤
√

3CT,i ln
(
B
iqi

)
. Multiplying both sides

by ui, summing over N and applying the Cauchy-Schwarz inequality, we arrive at

R(u) ≤
∑N

i=1

√
3uiCT,i · ui ln

(
B
iqi

)
≤
√

3(u ·CT )(D(u || q) + lnB), where we define

D(u || q) =
∑N

i=1 ui ln
(

1
iqi

)
. It remains to show that D(u || q) and RE(u || q) are

close. Indeed, we have D(u || q)−RE(u || q) =
∑N

i=1 ui ln
(

1
iui

)
, which, by standard

analysis, can be shown to reach its maximum when ui ∝ 1
i

and the maximum value

is ln
∑

i
1
i
≤ ln(1 + lnN). This completes the proof for Eq. (2.5).

Finally, when u is in the special form as described in Theorem 4, we have

D(u || q)−RE(u || q) = ln |S|+ 1
|S|
∑

i∈S ln
(

1
i

)
≤ ln |S|− 1

|S| ln(|S|!). By Stirling’s for-

mula x! ≥
√

2πx
(
x
e

)x
, we arrive at D(u || q)−RE(u || q) ≤ 1− (ln

√
2π|S|)/|S| ≤ 1,

proving Eq. (2.6).

The algorithm and the proof can be generalized to Ct,i =
∑t

τ=1 |rτ,i|d for any

d ∈ [0, 1]. Indeed, the only extra work is to prove the convexity of Φ(R+ r, C + |r|d).

When d = 0, we recover NormalHedge.DT exactly and get a bound on R(u) for any u

39



(in terms of
√
T ), instead of just R(u∗ε) as in Section 2.1.4. It is clear that d = 1 gives

the smallest bound, which is why we use it in AdaNormalHedge. The ideal choice,

however, should be d = 2 so that a second order bound similar to the one of Gaillard

et al. [42] can be obtained. Unfortunately, the function Φ(R + r, C + r2) turns out

to not always be piecewise-convex, which breaks our analysis. Whether d = 2 gives a

low-regret algorithm and how to analyze it remain an open question.

2.3.2 Confidence-rated Advice and Sleeping Experts

We further generalize AdaNormalHedge to deal with experts that make confidence-

rated advice, a setting that subsumes many interesting applications as studied by

Blum [15] and Freund et al. [40]. In this general setting, on each round t, each expert

first reports its confidence It,i ∈ [0, 1] for the current task. The player then predicts

pt as usual with an extra yet natural restriction that if It,i = 0 then pt,i = 0. That is,

the player has to ignore those experts who abstain from making advice (by reporting

zero confidence). After that, the loss `t,i for those experts who did not abstain (i.e.

It,i 6= 0) are revealed and the player still suffers loss ˆ̀
t = pt · `t. We redefine the

instantaneous regret rt,i to be It,i(ˆ̀
t − `t,i), that is, the difference between the loss

of the player and expert i weighted by the confidence. The goal of the player is,

as before, to minimize cumulative regret to any competitor u: R(u) =
∑

t≤T u · rt.

Clearly, the classic expert problem that we have studied in previous sections is just a

special case of this general setting with It,i = 1 for all t and i.

Moreover, with this general form of rt,i, AdaNormalHedge can be used to deal

with this general setting with only one simple change of scaling the weights by the

confidence:

pt,i ∝ qiIt,iw(Rt−1,i, Ct−1,i), (2.8)
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where Rt,i and Ct,i are still defined to be
∑t

τ=1 rτ,i and
∑t

τ=1 |rτ,i| respectively. The

constraint It,i = 0⇒ pt,i = 0 is clearly satisfied. In fact, Algorithm 6 can be seen as a

special case of this general form of AdaNormalHedge with It,i ≡ 1. Furthermore, the

regret bounds in Theorem 4 still hold without any changes, which are summarized

below.

Theorem 6. For the confidence-rated expert problem, regret bounds (2.5) and (2.6)

still hold for general AdaNormalHedge (Eq. (2.8)).

Proof. It suffices to point out that rt,i is still in the interval [−1, 1] and Eq. (2.7) in

the proof of Lemma 4 still holds by the new prediction rule Eq. (2.8). The entire

proof for Theorem 4 applies here exactly.

Previously, Gaillard et al. [42] studied a general reduction from an expert algo-

rithm to a confidence-rated expert algorithm. Applying those results here gives the

exact same algorithm and regret guarantee mentioned above. However, we point out

that the general reduction is not always applicable. Specifically, it is invalid if there is

an unknown number of experts in the confidence-rated setting (explained more in the

next paragraph) while the expert algorithm in the standard setting requires knowing

the number of experts as a parameter. This is indeed the case for most algorithms

(including Adapt-ML-Prod and even the original NormalHedge by Chaudhuri et al.

[26]). AdaNormalHedge naturally avoids this problem since it does not depend on N

at all.

Sleeping Experts. We are especially interested in the case when It,i ∈ {0, 1}, also

called the specialist/sleeping expert problem where It,i = 0 means that expert i is

“asleep” for round t and not giving any advice. This is a natural setting where the

total number of experts is unknown ahead of time. Indeed, the number of awake

experts can be dynamically changing over time. An expert that has never appeared

before should be thought of as being asleep for all previous rounds.
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AdaNormalHedge is a very suitable algorithm to deal with this case due to its

independence of the total number of experts. If an expert i appears for the first time

on round t, then by definition it will naturally start with Rt−1,i = 0 and Ct−1,i = 0.

Although we state the prior q as a distribution, which seems to require knowing

the total number of experts, it is not an issue algorithmically since q is only used

to scale the unnormalized weights (Eq. (2.8)). For example, if we want q to be a

uniform distribution over N experts where N is unknown beforehand, then to run

AdaNormalHedge we can simply treat qi in Eq. (2.8) to be 1 for all i, which clearly

will not change the behavior of the algorithm anyway. In this case, if we let Nt

denote the total number of distinct experts that have been seen up to time t and the

competitor u concentrates on any of these experts, then the relative entropy term in

the regret (up to time t) will be lnNt (instead of lnN), which is changing over time.

Using the adaptivity of AdaNormalHedge in both the number of experts and

the competitor, we provide improved results for two instances of the sleeping expert

problem in the next two sections.

2.3.3 Time-Varying Competitors

In this section, we study a more challenging goal of competing with time-varying

competitors in the standard expert setting (that is, each expert is always awake and

again rt,i = ˆ̀
t − `t,i), which turns out to be reducible to a sleeping expert problem.

Results for this section are summarized in Table 2.3.

Special Cases: Adaptive Regret and Tracking the Best Expert

We start from a special case: adaptive regret, introduced by Hazan and Seshadhri

[56] to better capture changing environments. Formally, consider any time interval

t = t1, . . . , t2, and let R[t1,t2],i =
∑t2

t=t1
rt,i be the regret to expert i on this interval

(similarly define L[t1,t2],i =
∑t2

t=t1
`t,i and C[t1,t2],i =

∑t2
t=t1
|rt,i|). The goal of the
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player is to obtain relatively small regret on any interval. Freund et al. [40] essentially

introduced a way to reduce this problem to a sleeping expert problem, which was later

improved by Adamskiy et al. [4]. Specifically, for every pair of time t and expert i,

we create a sleeping expert, denoted by (t, i), who is only awake after (and including)

round t and after that point suffers the same loss as the original expert i. So we

have Nt sleeping experts in total on round t. The prediction pt,i is set to be the sum

of all the weights of sleeping expert (τ, i) (τ = 1, . . . , t). It is clear that doing this

ensures that the cumulative regret up to time t2 with respect to sleeping expert (t1, i)

is exactly R[t1,t2],i in the original problem.

This is a sleeping expert problem for which AdaNormalHedge is very suitable,

since the number of sleeping experts keeps increasing and the total number of experts

is in fact unknown if the horizon T is unknown. Theorem 6 implies that the resulting

algorithm gives the following adaptive regret:

R[t1,t2],i = Ô

(√(∑t2
t=t1
|rt,i|

)
ln
(

1
q(t1,i)

))
= Ô

(√(∑t2
t=t1
|rt,i|

)
ln (Nt1)

)
,

where q is a prior over the Nt2 experts and the last step is by setting the prior

to be q(t,i) ∝ 1/t2 for all t and i.5 This prior is better than a simple uniform dis-

tribution which leads to a term ln(Nt2) instead of ln(Nt1). We call this algorithm

AdaNormalHedge.TV.6 To be concrete, on round t AdaNormalHedge.TV predicts

pt,i ∝
∑t

τ=1
1
τ2
w
(
R[τ,t−1],i, C[τ,t−1],i

)
.

Again, Theorem 5 can be applied to get the bound Ô
(√

L̃[t1,t2],i ln (Nt1)
)

where

L̃[t1,t2],i =
∑t2

t=t1
[`t,i − ˆ̀

t]+ ≤ L[t1,t2],i, and a much smaller bound Ô
(

ln(Nt1)
α

)
if the

losses are stochastic on interval [t1, t2] in the sense stated in Theorem 5.

One drawback of AdaNormalHedge.TV is that its time complexity per round is

O(Nt) and the overall space is O(NT ). However, the data streaming technique used

5 Note that as discussed before, the fact that t2 is unknown and thus q is unknown does not
affect the algorithm.

6“TV” stands for “time-varying”.

43



in Hazan and Seshadhri [56] can be directly applied here to reduce the time and space

complexity to O(N ln t) and O(N lnT ) respectively, with only an extra multiplicative

O(
√

ln(t2 − t1)) factor in the regret.

Tracking the best expert. In fact, AdaNormalHedge.TV is a solution for one of

the open problems proposed by Warmuth and Koolen [106]. Adaptive regret imme-

diately implies the so-called K-shifting regret for the problem of tracking the best

expert in a changing environment. Formally, define the K-shifting regret RK-Shift

to be max
∑K

k=1 R[tk−1+1,tk],ik where the max is taken over all i1, · · · , iK ∈ [N ] and

0 = t0 < t1 < · · · < tK = T . In other words, the player is competing with the

best K-partition of the whole game and the best expert on each of these parti-

tions. Let L∗K-Shift = min
∑K

k=1 L[tk−1+1,tk],ik be the total loss of such best parti-

tion (that is, the min is taken over the same space), and similarly define L̃∗K-Shift =

min
∑K

k=1 L̃[tk−1+1,tk],ik ≤ L∗K-Shift. Since essentially RK-Shift is just the sum of K adap-

tive regrets, using the bounds discussed above and the Cauchy-Schwarz inequality,

we conclude that AdaNormalHedge.TV ensures RK-Shift = Ô
(√

KL̃∗K-Shift ln(NT )
)
.

Also, if the loss vectors are generated randomly on these K intervals, each satisfy-

ing the condition stated in Theorem 5, then the regret is RK-Shift = Ô
(
K ln(NT )

α

)
in

expectation (high probability bound is similar). These bounds are optimal up to log-

arithmic factors [56]. This is exactly what was asked in Warmuth and Koolen [106]:

whether there is an algorithm that can do optimally for both adversarial and stochas-

tic losses in the problem of tracking the best expert. AdaNormalHedge.TV achieves

this goal without knowing K or any other information, while the solution provided

by Sani et al. [95] needs to know K , L∗K-Shift and α to get the same adversarial bound

and a worse stochastic bound of order O(1/α2).

Comparison to previous work. For adaptive regret, the FLH algorithm by Hazan

and Seshadhri [56] treats any standard expert algorithm as a sleeping expert, and has
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Table 2.3: Comparisons of different algorithms for time-varying competitors

Algorithm R[t1,t2],i RK-Shift R(u1:T )

AdaNormalHedge.TV
(this work)

√
L̃[t1,t2],i ln (Nt1)

√
KL̃∗K-Shift ln(NT )

√
V (u1:T )L̃(u1:T ) ln (NT )

FLH
[56]

√
t2 ln t2 K

√
T lnT unknown

Fixed Share
[25]

√
t2 ln(Nt2) K

√
T ln(NT ) unknown

an additive term O(
√
t2 ln t2) in addition to the base algorithm’s regret (when no

prior information is available), which adds up to a large O(K
√
T lnT ) term for K-

shifting regret. Due to this extra additive regret, FLH also does not enjoy first order

bounds nor small regret in the stochastic setting, even if the base algorithm that it

builds on provides these guarantees. On the other hand, FLH was proposed to achieve

adaptive regret for any general online convex optimization problem. We point out

that using AdaNormalHedge as the master algorithm in their framework will give

similar improvements as discussed here.

Adapt-ML-Prod is not directly applicable here for the corresponding sleeping ex-

pert problem since the total number of experts is unknown.

Another well-studied algorithm for this problem is “fixed share”. Several works

on fixed share for the simpler “log loss” setting were studied before [59, 18, 4, 67].

Cesa-Bianchi et al. [25] studied a generalized fixed share algorithm for the bounded

loss setting considered here. When t2 − t1 and L[t1,t2],i are known, their algorithm

ensures R[t1,t2],i = O
(√

L[t1,t2],i ln(N(t2 − t1))
)

for adaptive regret, and when K, T

and L∗K-Shift are known, they have RK-Shift = O
(√

KL∗K-Shift ln(NT/K)
)

. No better

result is provided for the stochastic setting. More importantly, when no prior infor-

mation is known, which is the case in practice, the best results one can extract from

their analysis are R[t1,t2],i = O(
√
t2 ln(Nt2)) and RK-Shift = O(K

√
T ln(NT )), which

are much worse than our results.
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General Time-Varying Competitors

We finally discuss the most general goal: compete with different ut on different

rounds. Recall R(u1:T ) =
∑T

t=1 ut · rt where ut ∈ RN
+ for all t (note that ut does

not even have to be a distribution). Clearly, adaptive regret and K-shifting re-

gret are special cases of this general notion. Intuitively, how large this regret is

should be closely related to how much the competitor’s sequence u1:T varies. Cesa-

Bianchi et al. [25] introduced a distance measurement to capture this variation:

V (u1:T ) =
∑T

t=1

∑N
i=1[ut,i − ut−1,i]+ where we define u0,i = 0 for all i. Also let

‖u1:T‖ =
∑T

t=1 ‖ut‖1 and L(u1:T ) =
∑T

t=1 ut · `t. Fixed share is shown to ensure the

following regret [25]: R(u1:T ) = O
(√

V (u1:T )L(u1:T ) ln (N‖u1:T‖/V (u1:T ))
)

when

V (u1:T ), L(u1:T ) and ‖u1:T‖ are known. No result was provided otherwise.7 Here, we

show that our parameter-free algorithm AdaNormalHedge.TV actually achieves al-

most the same bound without knowing any information beforehand. Moreover, while

the results in Cesa-Bianchi et al. [25] are specific for the fixed share algorithm, we

prove the following results which are independent of the concrete algorithms and may

be of independent interest.

Theorem 7. Suppose an expert algorithm ensures R[t1,t2],i ≤
√
A
∑t2

t=t1
zt,i for any

t1, t2 and i, where zt,i ≥ 0 can be anything depending on t and i (e.g. |rt,i|, [`t,i− ˆ̀
t]+,

`t,i or constant 1), and A is a term independent of t1, t2 and i. Then this algorithm

also ensures

R(u1:T ) ≤
√
AV (u1:T )

∑T
t=1 ut · zt.

Specifically, for AdaNormalHedge.TV, plugging A = Ô(ln(NT )) and zt,i = [`t,i − ˆ̀
t]+

gives R(u1:T ) = Ô
(√

V (u1:T )L̃(u1:T ) ln (NT )
)
, where L̃(u1:T ) =

∑T
t=1

∑N
i=1 ut,i[`t,i−

ˆ̀
t]+.

7 Although in Section 7.3 of Cesa-Bianchi et al. [25], the authors mentioned online tuning tech-
nique for the parameters, it only works for special cases (e.g. adaptive regret).
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Proof. We use [s, t] to denote the set {s, s + 1, . . . , t − 1, t} for 1 ≤ s ≤ t ≤ T and

s, t ∈ N+. First fix an expert i and consider the regret to this expert
∑T

t=1 ut,irt,i. Let

aj ≥ 0 and Uj = [sj, tj] for j = 1, . . . ,M be M positive numbers and M corresponding

time intervals such that ut,i =
∑M

j=1 aj1{t ∈ Uj}. Note that this is always possible,

with a trivial choice being aj = ut,j, sj = tj = j and M = T ; we will however need

a more sophisticated construction specified later. By the adaptive regret guarantee,

we have

T∑
t=1

ut,irt,i =
M∑
j=1

aj

T∑
t=1

1{t ∈ Uj}rt,i =
M∑
j=1

ajR[sj ,tj ],i ≤
M∑
j=1

aj

√√√√A

tj∑
t=sj

zt,i,

which, by the Cauchy-Schwarz inequality, is at most

√√√√ M∑
j=1

aj ·

√√√√A
M∑
j=1

aj

tj∑
t=sj

zt,i =

√√√√ M∑
j=1

aj ·

√√√√A
M∑
j=1

aj

T∑
t=1

1{t ∈ Uj}zt,i

=

√√√√ M∑
j=1

aj ·

√√√√A
T∑
t=1

ut,izt,i.

Therefore, we need a construction of aj and Uj such that
∑M

j=1 aj is minimized. This

is addressed in Lemma 5 below which shows that there is in fact always an (optimal)

construction such that
∑M

j=1 aj is exactly
∑T

t=1[ut,i − ut−1,i]+. Now summing the

resulting bound over all experts and applying the Cauchy-Schwarz inequality again

proves the theorem.

Lemma 5. Let v1, . . . , vT be T nonnegative numbers and h({v1, . . . , vT}) =

min
∑M

j=1 aj where the minimum is taken over the set of all possible choices of

M ∈ N+, aj > 0, Uj = [sj, tj] with 1 ≤ sj ≤ tj ≤ T, sj, tj ∈ N+ (j = 1, . . . ,M)

such that vt =
∑M

j=1 aj1{t ∈ Uj} for all t. Then with v0 defined to be 0 we have

h({v1, . . . , vT}) =
∑T

t=1[vt − vt−1]+.

The proof of this technical lemma is deferred to Appendix A.4.
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Theorem 7 tells us that while playing with time-varying competitors seems to be a

harder problem, it is in fact not any harder than its special case: achieving adaptive

regret on any interval. Although the result is independent of the algorithms, one

still cannot derive bounds on R(u1:T ) for FLH or fixed share based on their adaptive

regret bounds, because when no prior information is available, the bounds on R[t1,t2],i

for these algorithms are of order O(
√
t2) instead of O(

√
t2 − t1), which is not good

enough. We refer the reader to Table 2.3 for a summary of this section.

2.3.4 Competing with the Best Pruning Tree

We now turn to our second application of AdaNormalHedge on predicting almost as

well as the best pruning tree within a template tree. This problem was studied in

the context of online learning by Helmbold and Schapire [58] using the approach of

Willems et al. [107, 108]. It is also called the tree expert problem in Cesa-Bianchi

and Lugosi [22]. Freund et al. [40] proposed a generic reduction from a tree expert

problem to a sleeping expert problem. Using this reduction with our new algorithm,

we provide much better results compared to previous work (summarized in Table 2.4).

Specifically, consider a setting where on each round t, the predictor has to make a

decision yt from some convex set Y given some side information xt, and then a convex

loss function ft : Y → [0, 1] is revealed and the player suffers loss ft(yt). The predictor

is given a template tree G to consult. Starting from the root, each node of G performs

a test on xt to decide which of its children should perform the next test, until a leaf

is reached. In addition to a test, each node (except the root) also makes a prediction

based on xt. A pruning tree P is a tree induced by replacing zero or more nodes

(and associated subtrees) of G by leaves. The prediction of a pruning tree P given xt,

denoted by P(xt), is naturally defined as the prediction of the leaf that xt reaches by

traversing P . The player’s goal is thus to predict almost as well as the best pruning

tree in hindsight, that is, to minimize RG =
∑T

t=1 ft(yt)−minP
∑T

t=1 ft(P(xt)).
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The idea of the reduction introduced by Freund et al. [40] is to view each edge

of G as a sleeping expert (indexed by e), who is awake only when traversed by xt,

and in that case predicts yt,e, the same prediction as the child node that it connects

to. The predictor runs a sleeping expert algorithm with loss `t,e = ft(yt,e), and

eventually predicts yt =
∑

e∈E pt,eyt,e where E denotes the set of edges of G and

pt,e (e ∈ E) is the output of the expert algorithm; thus by convexity of ft, we have

ft(yt) ≤
∑

e∈E pt,eft(yt,e) = ˆ̀
t. Note that we only care about the predictions of those

awake experts since otherwise pt,e is required to be zero. Now let P∗ be one of the

best pruning trees, that is, P∗ ∈ arg minP
∑T

t=1 ft(P(xt)), and m be the number of

leaves of P∗. In the expert problem, we will set the competitor u to be a uniform

distribution over the m terminal edges (that is, the ones connecting the leaves) of P∗,

and the prior q to be a uniform distribution over all the edges. Since on each round,

one and only one of those m experts is awake, and its prediction is exactly P∗(xt),

we have R(u) =
∑T

t=1
1
m

(ˆ̀
t − ft(P∗(xt))), and therefore RG ≤ mR(u).

It remains to pick a concrete sleeping algorithm to apply. There are two reasons

that make AdaNormalHedge very suitable for this problem. First, since m is clearly

unknown ahead of time, we are competing with an unknown competitor u, which is

exactly what AdaNormalHedge can deal with. Second, the number of awake experts is

dynamically changing, and as discussed before, in this case AdaNormalHedge enjoys

a regret bound that is adaptive in the number of experts seen so far. Formally, recall

the notation Nt, which in this case represents the total number of distinct traversed

edges up to round t. Then by Theorem 6, we have

RG = Ô(m
√

(u ·CT )RE(u || q)) = Ô

(√
m
(∑T

t=1 |ˆ̀t − ft(P∗(xt))|
)

ln
(
NT
m

))
,

which, by Theorem 5, implies RG = Ô
(√

mL̃∗ ln(NT/m)
)

where similarly we define

L̃∗ =
∑T

t=1[ft(P∗(xt)) − ˆ̀
t]+, which is at most the total loss of the best pruning
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Table 2.4: Comparisons of different algorithms for the tree expert problem

Algorithm RG Time (per round) Space (overall)
Need to know
L∗ and m?

AdaNormalHedge
(this work)

Ô
(√

mL̃∗ ln
(
NT
m

))
O (‖xt‖G) O (NT ) No

Adapt-ML-Prod
[42]

Ô
(√

mL̃∗ lnN
)

O (‖xt‖G) O (NT ) No

Exponential Weights
[58]

O
(√
mL∗

)
O (d‖xt‖G) O (NT ) Yes

tree L∗ =
∑T

t=1 ft(P∗(xt)). Moreover, the algorithm is efficient: the overall space

requirement is O(NT ), and the running time on round t is O(‖xt‖G) where we use

‖xt‖G to denote the number of edges that xt traverses.

Comparison to other solutions. The work by Freund et al. [40] considers a

variant of the exponential weights algorithm in a “log loss” setting, and is not directly

applicable here (specifically it is not clear how to tune the learning rate appropriately).

A better choice is the Adapt-ML-Prod algorithm by Gaillard et al. [42] (the version

for the sleeping expert problem). However, there is still one issue for this algorithm:

it does not give a bound in terms of RE(u || q) for an unknown u. So to get a

bound on R(u), the best thing to do is to use the definition R(u) = u · RT and

a bound on each RT,i. In short, one can verify that Adapt-ML-Prod ensures regret

R(u) = Ô
(√

mL̃∗ lnN
)

where N = |E| is the total number of edges/experts. We

emphasize that N can be much larger than NT when the tree is huge. Indeed, while

NT is at most T times the depth of G, N could be exponentially large in the depth.

The running time and space of Adapt-ML-Prod for this problem, however, is the same

as AdaNormalHedge.

We finally compare with a totally different approach [58], where one simply treats

each pruning tree as an expert and run the exponential weights algorithm. Clearly

the number of experts is exponentially large, and thus the running time and space
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are unacceptable by a naive implementation. This issue is avoided by using a clever

dynamic programming technique. If L∗ and m are known ahead of time, then the

regret for this algorithm is O(
√
mL∗) by tuning the learning rate optimally. As

discussed in Freund et al. [40], the linear dependence onm in this bound is much better

than the one of the form O
(√

mL∗ lnN
)

, which, in the worst case, is linear inm. This

was considered as the main drawback of using the sleeping expert approach. However,

the bound for AdaNormalHedge is Ô
(√

mL̃∗ ln(NT/m)
)

, which is much smaller as

discussed previously and in fact comparable to O(
√
mL∗). More importantly, L∗ and

m are unknown in practice. In this case, no sublinear regret is known for this dynamic

programming approach, since it relies heavily on the fact that the algorithm is using

a fixed learning rate and thus the usual time-varying learning rate methods cannot

be applied here. Therefore, although theoretically this approach gives small regret,

it is not a practical method.

The running time is also slightly worse than the sleeping expert approach. For

simplicity, suppose every internal node has d children. Then the time complexity

per round is O(d‖x‖G). The overall space requirement is O(Nt), the same as other

approaches. Again, see Table 2.4 for a summary of this section.

Finally, as mentioned in Freund et al. [40], the sleeping expert approach can be

easily generalized to predicting with a decision graph. In that case, AdaNormalHedge

still enjoys all the improvements discussed in this section (details omitted).

2.4 Conclusion and Future Directions

In this chapter, we mostly focused on learning by combining expert advice, one of the

fundamental online learning problems. We first showed a strong connection between

this problem and a variant of the drifting game, and made use of this connection to

develop a general recipe to design expert algorithms. Using this framework, we not
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only recovered previous algorithms with direct regret guarantees, but also developed

an algorithm (NormalHedge.DT) with strong adaptivity in the quantile that we try

to compete with. Base on this algorithm, a further improvement AdaNormalHedge

provides even stronger adaptivity and enjoys several useful properties simultaneously,

such as constant regret when the losses are stochastic. Applications of these algo-

rithms discussed in this thesis include more adaptive and efficient boosting algorithms,

parameter-free expert algorithms that can compete with time-varying competitors,

and also more efficient algorithms for learning the best pruning tree.

There are still many open problems in this direction. One of the main questions

is how to extend all these adaptivity results to the partial information setting, which

seems to be highly non-trivial after initial attempts. It is not even clear what kind

of adaptive regret bounds that one should be looking for in this setting. Another

orthogonal direction is to extend these results to the more general OCO setting. We

discuss some preliminary results in Appendix A.3, but the algorithms discussed there

are not efficient. Getting both efficiency and adaptivity is a challenging and important

future direction.
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Chapter 3

Online Boosting

In this chapter, we study online boosting, the task of converting any weak online

learner into a strong online learner. While boosting is well-studied in the offline

setting, there is very little work on the theory of online boosting. The main question

is whether we can improve the accuracy of existing online prediction algorithms in

a similar way as we do in the offline case. For example, given an online weak spam

filter which on average only has about 51% accuracy, can we somehow build a very

accurate spam filter (say, 99% accuracy) by combining several copies of these weak

spam filters in an online fashion?

Based on a novel and natural definition of weak online learnability, we develop

two online boosting algorithms. The first algorithm is an online version of boost-

by-majority. By proving a matching lower bound, we show that this algorithm is

essentially optimal in terms of the number of weak learners and the sample complex-

ity needed to achieve a specified accuracy. This optimal algorithm is not adaptive,

however. Using tools from online loss minimization, we derive an adaptive online

boosting algorithm that is also parameter-free, but not optimal. Both algorithms

work with base learners that can handle example importance weights directly, as well

as by rejection sampling examples with probability defined by the booster.
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We next further extend the theory to online regression problems. The notion

of a weak learning algorithm is modeled as an online learning algorithm with linear

loss functions that competes with a base class of regression functions, while a strong

learning algorithm is an online learning algorithm with smooth convex loss functions

that competes with a larger class of regression functions. Our main result is an online

gradient boosting algorithm that converts a weak online learning algorithm into a

strong one where the larger class of functions is the linear span of the base class. We

also give a simpler boosting algorithm that converts a weak online learning algorithm

into a strong one where the larger class of functions is the convex hull of the base

class, and prove its optimality.

Both results are complemented with experimental studies.

This chapter includes joint work with Alina Beygelzimer and Satyen Kale [14],

and joint work with Alina Beygelzimer, Elad Hazan and Satyen Kale [13].

3.1 Online Boosting for Binary Classification

We start with online boosting for binary classification in this section. The theory

of boosting in the batch setting has been studied extensively in the literature and

has led to huge practical success (see the book by Schapire and Freund [98] for a

thorough discussion). Given the success of boosting in the batch setting, it is natural

to ask about the possibility of applying boosting to online learning. Indeed, there has

already been some work on online boosting [90, 48, 71, 49, 27, 28].

From a theoretical viewpoint, recent work by Chen et al. [27] is perhaps most in-

teresting. They generalized the batch weak learning assumption to the online setting,

and made a connection between online boosting and batch boosting that produces

smooth distributions over the training examples. The resulting algorithm is guaran-

teed to achieve an arbitrarily small error rate as long as the number of weak learners
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and the number of examples are sufficiently large. No assumptions need to be made

about how the data is generated. Indeed, the data can even be generated by an

adversary.

We present a new online boosting algorithm, based on the boost-by-majority

(BBM) algorithm of [37]. This algorithm, called Online BBM, improves upon the

work of Chen et al. [27] in several respects:

1. our assumption on online weak learners is weaker and can be seen as a direct

online analogue of the weak learning assumption in standard batch boosting;

2. our algorithm does not require weak learners to deal with weighted examples,

instead using a sampling technique to decide whether or not to pass an example

to the weak learners as feedback (similar to boosting by filtering in the batch

setting [see for example, 36, 19]); and

3. our algorithm is optimal in the sense that no online boosting algorithm can

achieve the same error rate with less weak learners or less examples asymptoti-

cally (see the lower bounds in Section 3.1.3).

A quantitative comparison of our results with those of Chen et al. [27] appears in

Table 3.1, where N and T represent the number of weak learners and examples

needed to achieve error rate ε, and γ stands for a similar concept of the “edge” of the

weak learning oracle as in the batch setting (smaller γ means more inaccurate weak

learners).

A clear drawback of all the algorithms mentioned above is lack of adaptivity.

A simple interpretation of this drawback is that all these algorithms require using

γ, an unknown quantity, as a parameter. More importantly, this also means that

the algorithm treats each weak learner equally and ignores the fact that some weak

learners are actually doing better than the others. The best example of an adaptive

boosting algorithm is the well-known parameter-free AdaBoost algorithm [38], where

each weak learner is naturally weighted by how accurate it is. In fact, adaptivity is
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Table 3.1: Comparisons of different online boosting algorithms

Algorithm N T Optimal? Adaptive?
Online BBM

(Section 3.1.2)
O( 1

γ2
ln 1

ε
) Õ( 1

εγ2
)

√
×

AdaBoost.OL
(Section 3.1.4)

O( 1
εγ2

) Õ( 1
ε2γ4

) ×
√

OSBoost
[27]

O( 1
εγ2

) Õ( 1
εγ2

) × ×

known to be one of the key features that lead to the practical success of AdaBoost, and

therefore should also be essential to the performance of online boosting algorithms. In

Section 3.1.4, we thus propose AdaBoost.OL, an adaptive and parameter-free online

boosting algorithm. As shown in Table 3.1, AdaBoost.OL is theoretically suboptimal

in terms of N and T . However, empirically it generally outperforms OSBoost and

sometimes even beats the optimal algorithm Online BBM (see Section 3.1.5).

Our techniques are also very different from those of Chen et al. [27], which rely on

the smooth boosting algorithm of Servedio [100]. As far as we know, all other work

on smooth boosting [20, 19, 9] cannot be easily generalized to the online setting,

necessitating completely different methods not relying on smooth distributions. Our

Online BBM algorithm builds on top of a potential based family that arises naturally

in the batch setting as approximate minimax optimal algorithms for so-called drifting

games [97, 73]. The decomposition of each example in that framework naturally allows

us to generalize it to the online setting where examples come one by one. On the

other hand, AdaBoost.OL is derived by viewing boosting from a different angle: loss

minimization [78, 98]. The theory of online loss minimization is the key tool for

developing AdaBoost.OL.
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3.1.1 Setup, Assumptions and Main Theorem

At each time step t = 1, . . . , T , an adversary chooses an example (xt, yt) ∈ X ×

{−1, 1}, where X is the domain, and reveals xt to the online learner. The learner

makes a prediction on its label ŷt ∈ {−1, 1}, and suffers the 0-1 loss 1{ŷt 6= yt}. As

is usual with online algorithms, this prediction may be randomized.

For parameters γ ∈ (0, 1
2
), δ ∈ (0, 1), a constant S > 0 and a set of examples U ,

the learner is said to be a weak online learner with edge γ and excess loss S with

respect to U if, for any T and for any input sequence of examples (xt, yt) ∈ U for

t = 1, 2, . . . , T chosen adaptively, it generates predictions ŷt such that with probability

at least 1− δ,
T∑
t=1

1{ŷt 6= yt} ≤ (1
2
− γ)T + S. (3.1)

The excess loss requirement is necessary since an online learner cannot be expected to

predict with any accuracy with too few examples. Essentially, the excess loss S yields

a kind of sample complexity bound: the weak learner starts obtaining a distinct edge

of Ω(γ) over random guessing when T � S
γ
. Typically, the dependence of the high

probability bound on δ is polylogarithmic in 1
δ
; thus in the following we will avoid

explicitly mentioning δ.

For a given parameter ε > 0, the learner is said to be a strong online learner with

error rate ε if it satisfies the same conditions as a weak online learner except that its

edge is 1
2
− ε, or in other words, the fraction of mistakes made, asymptotically, is ε.

Just as for the weak learner, the excess loss S yields a sample complexity bound: the

fraction of mistakes made by the strong learner becomes O(ε) when T � S
ε
.

Our main theorem is stated below, which is a direct implication of Theorem 9 in

Section 3.1.2 and Theorem 10 in Section 3.1.3.

Theorem 8. Given a weak online learning algorithm with edge γ and excess loss S

and any target error rate ε > 0, there is a strong online learning algorithm with error
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rate ε which uses O( 1
γ2

ln(1
ε
)) copies of the weak online learner, and has excess loss

Õ(S
γ

+ 1
γ2

); thus its sample complexity is Õ(1
ε
(S
γ

+ 1
γ2

)). Furthermore, if S ≥ Ω̃( 1
γ
),

then the number of weak online learners is optimal up to constant factors, and the

sample complexity is optimal up to polylogarithmic factors.

The requirement that S ≥ Ω̃( 1
γ
) in the lower bound is not very stringent; this is

precisely the excess loss one obtains when using standard online learning algorithms

with regret bound O(
√
T ), as is explained in the discussion following Lemma 7. Fur-

thermore, since we require the bound (3.1) to hold with high probability, typical

analyses of online learning algorithms will have an Õ(
√
T ) deviation term, which also

leads to S ≥ Ω̃( 1
γ
).

As the theorem indicates, the strong online learner (hereafter referred to as

“booster”) works by maintaining N copies of the weak online learner, for some

positive integer N to be specified later. Denote the weak online learners WLi for

i = 1, 2, . . . , N . At time step t, the prediction of the i-th weak online learner is given

by WLi(xt) ∈ {−1, 1}. Note the slight abuse of notation here: WLi is not a function;

rather it is an algorithm with an internal state that is updated as it is fed training

examples. Thus, the prediction WLi(xt) depends on the internal state of WLi, and

for notational convenience we avoid reference to the internal state.

In each round t, the booster works by taking a weighted majority vote of the

weak learners’ predictions. Specifically, the booster maintains weights αit ∈ R for

i = 1, . . . , N corresponding to each weak learner, and its final prediction will then be8

ŷt = sign(
∑N

i=1 α
i
tWLi(xt)). After making the prediction, the true label yt is revealed

by the environment. The booster then updates WLi by passing the training example

(xt, yt) to WLi with a carefully chosen sampling probability pit (and not passing the

example with the remaining probability). The sampling probability pit is obtained by

8In Section 3.1.4 a slightly different final prediction will be used.
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Figure 3.1: An illustration of the online boosting algorithm on round t

computing a weight wit and setting9 pit =
wit

‖wi‖∞ , where wi = 〈wi1, wi2, . . . , wiT 〉. At the

same time the booster updates αit as well, and then it is ready to make a prediction

for the next round. See Figure 3.1 for an illustration.

We introduce some more notation to ease the presentation. Let zit = ytWLi(xt)

and sit = si−1
t + αitz

i
t with s0

t = 0. Define zi = 〈zi1, zi2, . . . , ziT 〉. Finally, a martingale

concentration bound using (3.1) yields the following bound (proof deferred to Ap-

pendix B.1). The bound can be seen as a weighted version of (3.1) which is necessary

for the rest of the analysis.

Lemma 6. There is a constant S̃ = 2S + Õ( 1
γ
) such that for any T , with high

probability, for every weak learner WLi we have wi · zi ≥ γ‖wi‖1 − S̃‖wi‖∞.

Handling Importance Weights

Typical online learning algorithms can handle importance weighted examples: each

example (xt, yt) comes with a weight pt ∈ [0, 1], and the loss on that example is scaled

9In the algorithm we simply use a tight-enough upper bound on ‖wi‖∞ (such as the bound from
Lemma 9) to compute the values pit; we abuse notation here and use ‖wi‖∞ to also denote this
upper bound.
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by pt, i.e. the loss for predicting ŷt is pt1{ŷt 6= yt}. Consider the following natural

extension to the definition of online weak learners which incorporates importance

weighted examples: we now require that for any sequence of weighted examples (xt, yt)

with weight pt ∈ [0, 1] for t = 1, 2, . . . , T , the online learner generates predictions ŷt

such that with probability at least 1− δ,

T∑
t=1

pt1{ŷt 6= yt} ≤ (1
2
− γ)

T∑
t=1

pt + S. (3.2)

Having access to such a weak learner makes the boosting algorithm simpler: we now

simply pass every example (xt, yt) to every weak learner WLi setting the importance

weight equal to the probability value pit =
wit

‖wi‖∞ computed in the algorithm. The

advantage is that the bound (3.2) immediately implies the following inequality for

any weak learner WLi, which can be seen as a (stronger) analogue of Lemma 6.

wi · zi ≥ 2γ‖wi‖1 − 2S‖wi‖∞. (3.3)

Since the analysis depends only on the bound in Lemma 6, if we use the importance-

weighted version of the boosting algorithm, then we can simply use inequality (3.3)

instead in the analysis, which gives a slightly tighter version of Theorem 8, viz. the

excess loss can now be bounded by O(S
γ
).

In the rest of the paper, for simplicity of exposition we assume that the pit’s are

used as sampling probabilities rather than importance weights, and give the analysis

using the bound from Lemma 6. In experiments, however, using the pit’s as importance

weights rather than sampling probabilities led to better performance.

Discussion of Weak Online Learning Assumption

We now justify our definition of weak online learning, viz. inequality (3.1). In the

standard batch boosting case, the corresponding weak learning assumption (see for
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example Schapire and Freund [98]) is that there is an algorithm which, given a training

set of examples and an arbitrary distribution on it, generates a hypothesis that has

error at most 1
2
−γ on the training data under the given distribution. This statement

can be interpreted as making the following two implicit assumptions:

1. (Richness.) Given an edge parameter γ ∈ (0, 1
2
), there is a set of hypotheses,

H, such that, given any training set (possibly, a multiset) of examples U , there

is some hypothesis h ∈ H with error at most 1
2
− γ, i.e.

∑
(x,y)∈U

1{h(x) 6= y} ≤ (1
2
− γ)|U |.

2. (Agnostic Learnability.) For any ε ∈ (0, 1), there is an algorithm which, given

any training set (possibly, a multiset) of examples U , can compute a nearly

optimal hypothesis h ∈ H, i.e.

∑
(x,y)∈U

1{h(x) 6= y} ≤ inf
h′∈H

∑
(x,y)∈U

1{h′(x) 6= y}+ ε|U |.

Our weak online learning assumption can be seen as arising from a direct general-

ization of the above two assumptions to the online setting. Namely, the richness

assumption stays the same, whereas the agnostic learnability of H assumption is re-

placed by an agnostic online learnability of H assumption (c.f. Ben-David et al. [12]).

That is, there is an online learning algorithm which, given any sequence of examples,

(xt, yt) for t = 1, 2, . . . , T , generates predictions ŷt such that

T∑
t=1

1{ŷt 6= yt} ≤ inf
h∈H

T∑
t=1

1{h(xt) 6= yt}+R(T ),

where R : N→ R+ is the regret, a non-decreasing, sublinear function of the number of

prediction periods T . Since online learning algorithms are typically randomized, we
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assume the above bound holds with high probability. The following lemma shows that

richness and agnostic online learnability immediately imply our online weak learning

assumption (3.1):

Lemma 7. Suppose the sequence of examples (xt, yt) is chosen from a data set for

which there exists a hypothesis class H that is both rich for edge parameter 2γ and

agnostically online learnable with regret R(·). Then, the agnostic online learning

algorithm for H satisfies the weak learning assumption (3.1), with edge γ and excess

loss S = maxT (R(T )− γT ).

Proof. For the given sequence of examples (xt, yt) for t = 1, 2, . . . , T , the richness with

edge parameter 2γ and agnostic online learnability assumptions on H imply that with

high probability, the predictions ŷt generated by the agnostic online learning algorithm

for H satisfy
T∑
t=1

1{ŷt 6= yt} ≤ (1
2
− 2γ)T +R(T ).

It only remains to show that (1
2
− 2γ)T + R(T ) ≤ (1

2
− γ)T + S, or equivalently,

R(T ) ≤ γT + S, which is true by the definition of S. This concludes the proof.

Various agnostic online learning algorithms are known that have a regret bound of

O(
√
T ln(1

δ
)), such as a standard experts algorithm on a finite hypothesis space such

as the exponential weights algorithm. If we use such an online learning algorithm as

a weak online learner, then a simple calculation implies, via Lemma 7, that it has

excess loss Θ(
ln(

1
δ

)

γ
). Thus, by Theorem 8, we obtain an online boosting algorithm

with near-optimal sample complexity.

3.1.2 An Optimal Algorithm

We will again make use of drifting-games and generalize its analysis to obtain a

potential based family of online boosting algorithms. Specifically, pick a sequence of
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N + 1 non-increasing potential functions Φi(s) such that

ΦN(s) ≥ 1{s ≤ 0},

Φi−1(s) ≥ (1
2
− γ

2
)Φi(s− 1) + (1

2
+ γ

2
)Φi(s+ 1).

(3.4)

(See [98, Chapter 13] for intuition behind these potential functions.) Then the algo-

rithm is simply to set αit = 1 and wit = 1
2
(Φi(s

i−1
t − 1)− Φi(s

i−1
t + 1)). The following

theorem states the error rate bound of this general scheme.

Lemma 8. For any T and N , with high probability, the number of mistakes made

by the algorithm described above is bounded as follows (recall that S̃ is defined in

Lemma 6):
T∑
t=1

1{ŷt 6= yt} ≤ Φ0(0)T + S̃
∑
i

‖wi‖∞.

Proof. The key property of the algorithm is that for any fixed i and t, one can verify

the following:

Φi(s
i
t) + wit(z

i
t − γ) = Φi(s

i−1
t + zit) + wit(z

i
t − γ)

= (1
2
− γ

2
)Φi(s

i−1
t − 1) + (1

2
+ γ

2
)Φi(s

i−1
t + 1) ≤ Φi−1(si−1

t )

by plugging the formula of wit, realizing that zit can only be −1 or 1, and using the

definition of Φi−1(s) from Eq. (3.4). Summing over t we get

T∑
t=1

Φi(s
i
t) +wi · zi − γ‖wi‖1 ≤

T∑
t=1

Φi−1(si−1
t ).

Using Lemma 6, we get
∑T

t=1 Φi(s
i
t) ≤

∑T
t=1 Φi−1(si−1

t ) + S̃‖wi‖∞ which relates the

sums of all examples’ potential for two successive weak learners. We can therefore ap-

ply this inequality iteratively to arrive at:
∑T

t=1 ΦN(sNt ) ≤
∑T

t=1 Φ0(0)+S̃
∑

i ‖wi‖∞.
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The proof is completed by noting that ΦN(sNt ) ≥ 1{sNt ≤ 0} = 1{ŷt 6= yt} since

ytŷt = sign(sNt ) by definition.

Note that the term S̃
∑

i ‖wi‖∞ becomes a penalty for the final error rate. There-

fore, we naturally want this penalty term to be relatively small. This is not necessarily

true for any choice of the potential function. For example, if Φi(s) is the exponential

potential that leads to a variant of AdaBoost in the batch setting [see 98, Chap. 13],

then the weight wit could be exponentially large.

Fortunately, there is indeed a set of potential functions that produce small weights,

which, in the batch setting, corresponds to an algorithm called boost-by-majority

(BBM) [37]. All we need to do is to let Eq. (3.4) hold with equality, and direct

calculation shows:

Φi(s) =

bN−i−s
2
c∑

k=0

(
N − i
k

)(
1

2
+
γ

2

)k (
1

2
− γ

2

)N−i−k
,

and

wit =
1

2

(
N − i
kit

)(
1

2
+
γ

2

)kit (1

2
− γ

2

)N−i−kit
(3.5)

where kit = bN−i−s
i−1
t +1

2
c and

(
n
k

)
is defined to be 0 if k < 0 or k > n. In other words,

imagine flipping a biased coin whose probability of heads is 1
2

+ γ
2

for N − i times.

Then Φi(s) is exactly the probability of seeing at most (N − i− s)/2 heads and wit is

half of the probability of seeing kit heads. We call this algorithm Online BBM. The

pseudocode is given in Algorithm 7.

One can see that the weights produced by this algorithm are small since trivially

wit ≤ 1/2. To get a better result, however, we need a better estimate of ‖wi‖∞ stated

in the following lemma.

Lemma 9. If wit is defined as in Eq. (3.5), then we have wit = O(1/
√
N − i) for any

i < N .
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Algorithm 7 Online BBM

1: for t = 1 to T do
2: Receive example xt.
3: Predict ŷt = sign(

∑N
i=1 WLi(xt)), receive label yt.

4: Set s0
t = 0.

5: for i = 1 to N do
6: Set sit = si−1

t + ytWLi(xt).

7: Set kit = bN−i−s
i−1
t +1

2
c.

8: Set wit =
(
N−i
kit

) (
1
2

+ γ
2

)kit (1
2
− γ

2

)N−i−kit .
9: Pass training example (xt, yt) to WLi with probability pit =

wit
‖wi‖∞ .

10: end for
11: end for

Proof. Let X ∼ B(m, p) be a binomial random variable where m = N − i and

p = 1/2 + γ/2. Also let q = 1 − p and FX be the CDF of X. By the definition of

wit, we have wit ≤ 1
2

maxk Pr{X = k}. We will approximate X by a Gaussian random

variable G ∼ N(mp,mpq) with density function f and CDF FG. Note that

∣∣∣∣Pr{X = k} −
∫ k

k−1

f(G)dG

∣∣∣∣ = | (FX(k)− FX(k − 1))− (FG(k)− FG(k − 1)) |

≤ |FX(k)− FG(k)|+ |FX(k − 1)− FG(k − 1)|.

So by applying Berry-Esseen theorem to the above two CDF differences between X

and G, we arrive at

∣∣∣∣Pr{X = k} −
∫ k

k−1

f(G)dG

∣∣∣∣ ≤ 2C(p2 + q2)
√
mpq

,
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where C is the universal constant stated in Berry-Esseen theorem. It remains to point

out that

Pr{X = k} ≤
∫ k

k−1

f(G)dG+
2C(p2 + q2)
√
mpq

≤ max
G∈R

f(G) +
2C(p2 + q2)
√
mpq

=
1√

2πmpq
+

2C(p2 + q2)
√
mpq

= O

(
1√
m

)
,

since pq = 1/4− γ2/4 ≥ 3/16.

We are now ready to state the main results of Online BBM.

Theorem 9. For any T and N , with high probability, the number of mistakes made

by the Online BBM algorithm is bounded as follows:

exp(−1
2
Nγ2)T + Õ(

√
N(S + 1

γ
)). (3.6)

Thus, in order to achieve error rate ε, it suffices to use N = Θ( 1
γ2

ln 1
ε
) weak learners,

which gives an excess loss bound of Θ̃(S
γ

+ 1
γ2

).

Proof. A direct application of Hoeffding’s inequality gives Φ0(0) ≤ exp(−Nγ2/2).

With Lemma 9 we have
∑

i ‖wi‖∞ = O
(∑N−1

i=1
1√
N−i

)
= O(

√
N). Applying Lemma 8

proves Eq. (3.6). Now if we set N = 2
γ2

ln 1
ε
, we arrive at

T∑
t=1

1{ŷt 6= yt} ≤ εT + Õ(
√
N(S + 1

γ
)) = εT + Õ(S

γ
+ 1

γ2
).
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3.1.3 Matching Lower Bounds

We give lower bounds for the number of weak learners and the sample complexity in

this section that show that our Online BBM algorithm is optimal up to logarithmic

factors. To show this, we first need to formally define online boosting algorithms. Re-

call that in the online prediction setting, at each time step t = 1, . . . , T , an adversary

chooses an example (xt, yt) ∈ X × {−1, 1} adaptively, and reveals xt to the online

learner. The online learner is called an online boosting algorithm if on each round

it makes at most N calls to some weak learners, and its prediction ŷt depends only

on the current example xt, the predictions of the weak learners for xt, and the entire

history (including (xs, ys) for s = 1, . . . , t − 1 and the weak learners’ predictions on

these examples).

Note that while our online boosting algorithms always predict by considering some

weighted majority vote of the weak learners, our lower bound statement holds for a

much wider range of algorithms defined above.

Theorem 10. For any γ ∈ (0, 1
4
), S ≥ ln(

1
δ

)

γ
, δ ∈ (0, 1) and ε ∈ (0, 1), there is a weak

online learning algorithm with edge γ and excess loss S satisfying (3.1) with probability

at least 1− δ, such that to achieve error rate ε, an online boosting algorithm needs at

least Ω( 1
γ2

ln 1
ε
) weak learners and a sample complexity of Ω( S

εγ
) = Ω(1

ε
(S
γ

+ 1
γ2

)).

Proof. The proof of both lower bounds uses a similar construction. In either case,

all examples’ labels are generated uniformly at random from {−1, 1}, and in time

period t, each weak learner outputs the correct label yt independently of all other

weak learners and other examples with a certain probability pt to be specified later.

Thus, for any T , by the Azuma-Hoeffding inequality, with probability at least 1− δ,

the predictions ŷt made by the weak learner satisfy

T∑
t=1

1{yt 6= ŷt} ≤
T∑
t=1

(1− pt) +
√

2T ln(1
δ
) ≤

T∑
t=1

(1− pt) + γT +
ln(1

δ
)

2γ
(3.7)
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where the last inequality follows by the arithmetic mean-geometric mean inequality.

We will now carefully choose pt so that inequality (3.7) implies inequality (3.1).

For the lower bound on the number of weak learners, we set pt = 1
2

+ 2γ, so that

inequality (3.7) implies that with probability at least 1− δ, the predictions ŷt made

by the weak learner satisfy

T∑
t=1

1{yt 6= ŷt} ≤ (1
2
− γ)T +

ln(1
δ
)

2γ
≤ (1

2
− γ)T + S.

Thus, the weak online learner has edge γ with excess loss S. In this case, the Bayes

optimal output of a booster using N weak learners is to simply take a majority vote

of all the weak learners [see for instance 98, Chap. 13.2.6], and the probability that

the majority vote is incorrect is Θ(exp(−8Nγ2)). Setting this error to ε and solving

for N gives the desired lower bound.

Now we turn to the lower bound on the sample complexity. We divide the whole

process into two phases: for t ≤ T0 = S
4γ

, we set pt = 1
2
, and for t > T0, we set

pt = 1
2

+ 2γ. Now, if T ≤ T0, inequality (3.7) implies that with probability at least

1− δ, the predictions ŷt made by the weak learner satisfy

T∑
t=1

1{yt 6= ŷt} ≤ (1
2

+ γ)T +
ln(1

δ
)

2γ
≤ (1

2
− γ)T + S (3.8)

using the fact that T ≤ T0 = S
4γ

and S ≥ ln(
1
δ

)

γ
. Next, if T > T0, let T ′ = T − T0, and

again inequality (3.7) implies that with probability at least 1− δ, the predictions ŷt

made by the weak learner satisfy

T∑
t=1

1{yt 6= ŷt} ≤ 1
2
T0+(1

2
−2γ)T ′+γT+

ln(1
δ
)

2γ
= (1

2
−γ)T+2γT0+

ln(1
δ
)

2γ
≤ (1

2
−γ)T+S,

(3.9)
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since S ≥ ln(
1
δ

)

γ
. Inequalities (3.8) and (3.9) imply that the weak online learner has

edge γ with excess loss S.

However, in the first phase (i.e. t ≤ T0), since the predictions of the weak learners

are uncorrelated with the true labels, it is clear that no matter what the booster

does, it makes a mistake with probability 1
2
. Thus, it will make Ω(T0) mistakes with

high probability in the first phase, and thus to achieve ε error rate, it needs at least

Ω(T0/ε) = Ω( S
εγ

) examples.

3.1.4 An Adaptive Algorithm

Although the Online BBM algorithm is optimal, it is unfortunately not adaptive

since it requires knowledge of γ as a parameter, which is unknown ahead of time. As

discussed in the introduction, adaptivity is essential to the practical performance of

boosting algorithms such as AdaBoost.

In this section we thus study adaptive online boosting algorithms using the theory

of online loss minimization as the main tool. It is known that boosting can be viewed

as trying to find a linear combination of weak hypotheses to minimize the total loss

of the training examples, usually using functional gradient descent [see for details 98,

Chap. 7]. AdaBoost, for instance, minimizes the exponential loss. Here, as discussed

before, we intuitively want to avoid using exponential loss since it could lead to large

weights. Instead, we will consider logistic loss `(s) = ln(1 + exp(−s)), which results

in an algorithm called AdaBoost.L in the batch setting [98, Chap. 7].

In the online setting, we conceptually define N different “experts” giving advice on

what to predict on the current example xt. In round t, expert i predicts by combining

the first i weak learners: ŷit = sign(
∑i

j=1 α
j
tWLj(xt)). Now, as in AdaBoost.L, the

weight wit for the example (xt, yt) used for computing the sampling probability pit for

WLi is obtained by computing the logistic loss of the prediction of expert i − 1, i.e.
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`(si−1
t ), and then setting wit to be the negative derivative of the loss:

wit = −`′(si−1
t ) =

1

1 + exp(si−1
t )
∈ [0, 1].

In terms of the weight αit of WLi, ideally we wish to mimic AdaBoost.L and use a fixed

αi for all t such that the total logistic loss is minimized: αi = arg minα
∑T

t=1 `(s
i−1
t +

αzit). Of course this is not possible because αi depends on the future unknown ex-

amples. Nevertheless, it turns out that we can almost achieve that using tools from

online learning theory. Indeed, one of the fundamental topics in online learning is

exactly how to perform almost as well as the best fixed choice (αi) in hindsight.

Specifically, it turns out that it suffices to restrict α to the feasible set [−2, 2].

Then consider the following simple one dimensional online learning problem: on each

round t, the algorithm predicts αit from a feasible set [−2, 2]; the environment then

reveals loss function ft(α) = `(si−1
t +αzit) and the algorithm suffers loss ft(α

i
t). There

are many so-called “low-regret” algorithms in the literature (see the survey by Shalev-

Shwartz [101]) for this problem ensuring

T∑
t=1

ft(α
i
t)− min

α∈[−2,2]

T∑
t=1

ft(α) ≤ Ri
T ,

where Ri
T is sublinear in T so that on average it goes to 0 when T is large and the

algorithm is thus doing almost as well as the best constant choice αi. The simplest

low-regret algorithm in this case is perhaps online gradient descent [112]:

αit+1 = Π
(
αit − ηtf ′t(αit)

)
= Π

(
αit +

ηtz
i
t

1 + exp(sit)

)
,

where ηt is a time-varying learning rate and Π represents projection onto the set

[−2, 2], i.e., Π(·) = max{−2,min{2, ·}}. Since the loss function is actually 1-Lipschitz

(|f ′t(α)| ≤ 1), if we set ηt to be 4/
√
t, then standard analysis shows Ri

T = 4
√
T .
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Finally, it remains to specify the algorithm’s final prediction ŷt. In Online BBM,

we simply used the advice of expert N . Unfortunately the algorithm described in this

section cannot guarantee that expert N will always make highly accurate predictions.

However, as we will show in the proof of Theorem 11, the algorithm does ensure that

at least one of the N experts will have high accuracy. Therefore, what we really need

to do is to decide which expert to follow on each round, and try to predict almost as

well as the best fixed expert in hindsight. This is exactly the expert problem that we

studied in Chapter 2, and can be solved, for instance, by the exponential algorithm.

We call the final resulting algorithm AdaBoost.OL (O stands for online and L

stands for logistic loss), and summarize it in Algorithm 8. Note that as promised,

AdaBoost.OL is an adaptive online boosting algorithm and does not require knowing

γ in advance. In fact, in the analysis we do not even assume that the weak learners

satisfy the bound (3.1). Instead, define the quantities γi , wi·zi
2‖wi‖1 for each weak

learner WLi. This can be interpreted as the (weighted) edge over random guessing

that WLi obtains. Note that γi may even be negative, which means flipping the

sign of WLi’s predictions performs better than random guessing. Nevertheless, the

algorithm can still make accurate predictions even with negative γi since it will end

up choosing negative weights αit in that case. The performance of AdaBoost.OL is

provided below.

Theorem 11. For any T and N , with high probability, the number of mistakes made

by AdaBoost.OL is bounded by 2T∑
i γ

2
i

+ Õ
(

N2∑
i γ

2
i

)
.

Proof. Let the number of mistakes made by expert i be Mi ,
∑T

t=1 1{yt 6= ŷit}, also

define M0 = T for convenience. Note that AdaBoost.OL is using a variant of the

expert algorithm with 1{yt 6= ŷit} being the loss of expert i on round t (Line 7 and

15). So by standard analysis [see e.g. 22, Corollary 2.3], and the Azuma-Hoeffding
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Algorithm 8 AdaBoost.OL

1: Initialize: ∀i : vi1 = 1, αi1 = 0.
2: for t = 1 to T do
3: Receive example xt.
4: for i = 1 to N do
5: Set ŷit = sign(

∑i
j=1 α

j
tWLj(xt)).

6: end for
7: Randomly pick it with Pr[it = i] ∝ vit.
8: Predict ŷt = ŷitt , receive label yt.
9: Set s0

t = 0.
10: for i = 1 to N do
11: Set zit = ytWLi(xt).
12: Set sit = si−1

t + αitz
i
t.

13: Set αit+1 = Π
(
αit +

ηtzit
1+exp(sit)

)
with ηt = 4/

√
t.

14: Pass example (xt, yt) to WLi with probability pit = wit = 1/(1+exp(si−1
t )).

15: Set vit+1 = vit · exp(−1{yt 6= ŷit}).
16: end for
17: end for

inequality, we have with high probability

T∑
t=1

1{yt 6= ŷt} ≤ 2 min
i
Mi + 2 ln(N) + Õ(

√
T ). (3.10)

Now, whenever expert i − 1 makes a mistake (i.e. si−1
t ≤ 0), we have wit =

1/(1 + exp(si−1
t )) ≥ 1/2 and therefore

‖wi‖1 ≥Mi−1/2. (3.11)

Note that Eq. (3.11) holds even for i = 1 by the definition of M0. We

now bound the difference between the logistic loss of two successive experts,

∆i ,
∑T

t=1

(
`(sit)− `(si−1

t )
)
. Online gradient descent (Line 13) ensures that

T∑
t=1

`(sit) ≤ min
α∈[−2,2]

T∑
t=1

`(si−1
t + αzit) + 4

√
T , (3.12)
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as discussed previously. On the other hand, direct calculation shows `(si−1
t + αzit)−

`(si−1
t ) = ln

(
1 + wit(e

−αzit − 1)
)
≤ wit(e

−αzit − 1). With σi ,
∑T

t=1
wit
‖wi‖1 1{z

i
t = 1} =

1
2

+ γi, we thus have

min
α∈[−2,2]

T∑
t=1

(
`(si−1

t + αzit)− `(si−1
t )
)
≤ min

α∈[−2,2]
‖wi‖1(σie

−α + (1− σi)eα − 1)

≤ −1
2
‖wi‖1(2σi − 1)2 (3.13)

= −2γ2
i ‖wi‖1 (3.14)

≤ −γ2
iMi−1. (3.15)

Here, inequality (3.13) follows from Lemma 10 (proven below) and inequality (3.15)

from inequality (3.11). The above inequality and inequality (3.12) imply that ∆i ≤

−γ2
iMi−1 + 4

√
T . Summing over i = 1, . . . , N and rearranging gives

N∑
i=1

γ2
iMi−1 +

T∑
t=1

`(sNt ) ≤
T∑
t=1

`(0) + 4N
√
T

which implies that

min
i
Mi ≤ min

i
Mi−1 ≤

ln(2)∑
i γ

2
i

T +
4N∑
i γ

2
i

√
T

since Mi ≤ M0 for all i, `(sNt ) ≥ 0 for all t and `(0) = ln(2). Using this bound in

inequality (3.10), we get

T∑
t=1

1{yt 6= ŷt} ≤
2 ln(2)T∑

i γ
2
i

+ Õ

(
N
√
T∑

i γ
2
i

+ ln(N)

)
≤ 2T∑

i γ
2
i

+ Õ

(
N2∑
i γ

2
i

)
,

where the last inequality follows from the bound cN
√
T∑

i γ
2
i
≤ T

2
∑
i γ

2
i

+ c2N2

2
∑
i γ

2
i
, where c

is the hidden Õ(1) factor in the Õ( N
√
T∑

i γ
2
i
) term, using the arithmetic mean-geometric

mean inequality.
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For the case when the weak learners do satisfy the bound (3.1), we get the following

bound on the number of errors:

Theorem 12. If the weak learners satisfy (3.1), then for any T and N , with high

probability, the number of mistakes made by AdaBoost.OL is bounded by

8T

γ2N
+ Õ

(
N

γ2
+
S

γ

)
,

Thus, in order to achieve error rate ε, it suffices to use N ≥ 8
εγ2

weak learners, which

gives an excess loss bound of Õ(S
γ

+ 1
εγ4

).

Proof. The proof is along the same lines as that of Theorem 11. The only change

is that in inequality (3.14), we use the bound γ2
i ≥

γ2

4
− γS̃

2‖wi‖1 which follows from

Lemma 6 using the fact that a ≥ b − c implies a2 ≥ b2 − 2bc for non-negative a, b

and c, and the fact that ‖wi‖∞ ≤ 1. This leads to the following change in inequality

(3.15):

min
α∈[−2,2]

T∑
t=1

(
`(si−1

t + αzit)− `(si−1
t )
)
≤ −γ

2

4
Mi−1 + γS̃.

Continuing using this bound in the proof and simplifying, we get the stated bound

on the number of errors.

The following lemma is a simple calculation:

Lemma 10. For any σ ∈ [0, 1], min
α∈[−2,2]

σe−α + (1− σ)eα ≤ 1− 1
2
(2σ − 1)2.

Proof. It suffice to prove the bound for σ ≥ 1
2
; the bound for σ < 1

2
follows by simply

using the bound for 1− σ. For σ ∈ [0.5, 0.95], setting α = 1
2

ln( σ
1−σ ) ∈ [−2, 2] gives

σe−α + (1− σ)eα =
√

4σ(1− σ) ≤ 1− 1
2
(2σ − 1)2,

since
√

1− x ≤ 1− 1
2
x for x ∈ [0, 1]. For σ ∈ (0.95, 1], setting α = 1

2
ln(0.95

0.05
) ∈ [−2, 2]

we have σe−α + (1− σ)eα ≤ 0.95e−α + 0.05eα =
√

0.19 ≤ 1
2
≤ 1− 1

2
(2σ − 1)2.
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Although the number of weak learners and excess loss for Adaboost.OL are sub-

optimal, the adaptivity of AdaBoost.OL is an appealing feature and leads to good

performance in experiments. The possibility of obtaining an algorithm that is both

adaptive and optimal is left as an open question.

3.1.5 Experiments

We perform experiments to evaluate our algorithms. We extended the Vowpal Wab-

bit open source machine learning system [105] to include the algorithms proposed

here. We used VW’s default base learning algorithm as our weak learner, tuning

only the learning rate. The online boosting algorithms implemented were Online

BBM, AdaBoost.OL, OSBoost (using uniform weighting on the weak learners) and

OSBoost.OCP from [27], all using importance weighted examples in VW. We also

implemented AdaBoost.OL.S, which is the version of AdaBoost.OL where examples

sent to VW are sampled rather than weighted.

All experiments were done on a diverse collection of 13 publicly available datasets

(see Appendix D for detailed descriptions). For each dataset, we performed a random

split with 80% of the data used for training and the remaining 20% for testing. We

tuned the learning rate, the number of weak learners, and the edge parameter γ

(for all but AdaBoost.OL) using progressive validation 0-1 loss on the training set.

Reported is the 0-1 loss on the test set.

It should be noted that the VW baseline is already a strong learner. The results

obtained are given in Table 3.2. As can be seen, for most datasets, Online BBM

had the best performance. The average improvement of Online BBM over the base-

line was 5.14%. For AdaBoost.OL, it was 2.57%. Using sampling in AdaBoost.OL

(i.e. AdaBoost.OL.S) boosts the average to 2.67%. The average improvement for

OSBoost.OCP was 1.98%, followed by OSBoost with 1.13%.
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Table 3.2: Experimental performance of various online boosting algorithms

Dataset VW baselineOnline BBMAdaBoost.OLAdaBoost.OL.SOSBoost.OCPOSBoost

20news 0.0812 0.0775 0.0777 0.0777 0.0791 0.0801
a9a 0.1509 0.1495 0.1497 0.1497 0.1509 0.1505

activity 0.0133 0.0114 0.0128 0.0127 0.0130 0.0133
adult 0.1543 0.1526 0.1536 0.1536 0.1539 0.1544
bio 0.0035 0.0031 0.0032 0.0032 0.0033 0.0034

census 0.0471 0.0469 0.0469 0.0469 0.0469 0.0470
covtype 0.2563 0.2347 0.2495 0.2450 0.2470 0.2521
letter 0.2295 0.1923 0.2078 0.2078 0.2148 0.2150

maptaskcoref 0.1091 0.1077 0.1083 0.1083 0.1093 0.1091
nomao 0.0641 0.0627 0.0635 0.0635 0.0627 0.0633
poker 0.4555 0.4312 0.4555 0.4555 0.4555 0.4555
rcv1 0.0487 0.0485 0.0484 0.0484 0.0488 0.0488

vehv2binary 0.0292 0.0286 0.0291 0.0291 0.0284 0.0286

3.2 Online Boosting for General Regression

In this section we extend the online boosting theory to more general regression prob-

lem, which has been elusive and escaped theoretical guarantees thus far. Specifically

we extend the very commonly used gradient boosting methods [41, 77] to the online

setting, providing an online boosting algorithm that competes with any linear com-

bination the base functions, given an online linear learning algorithm over the base

class. This algorithm is the online analogue of the batch boosting algorithm of Zhang

and Yu [111], and in fact our algorithmic technique, when specialized to the batch

boosting setting, provides exponentially better convergence guarantees.

We also give an online boosting algorithm that competes with the best convex

combination of base functions. This is a simpler algorithm which is analyzed along the

lines of the Frank-Wolfe algorithm [35]. While the algorithm has weaker theoretical

guarantees, it can still be useful in practice. We also prove that this algorithm obtains

the optimal regret bound (up to constant factors) for this setting.
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Related Work. The foundational theory of boosting for regression can be found in

the statistics literature [51, 52], where boosting is understood as a greedy stagewise

algorithm for fitting of additive models. The goal is to achieve the performance of

linear combinations of base models, and to prove convergence to the performance of

the best such linear combination.

While the earliest works on boosting for regression such as [41] do not have such

convergence proofs, later works such as [77, 30] do have convergence proofs but with-

out a bound on the speed of convergence. Bounds on the speed of convergence have

been obtained by Duffy and Helmbold [34] relying on a somewhat strong assumption

on the performance of the base learning algorithm. A different approach to boost-

ing for regression was taken by Freund and Schapire [38], who give an algorithm

that reduces the regression problem to classification and then applies AdaBoost; the

corresponding proof of convergence relies on an assumption on the induced classifica-

tion problem which may be hard to satisfy in practice. The strongest result is that

of Zhang and Yu [111], who prove convergence to the performance of the best linear

combination of base functions, along with a bound on the rate of convergence, making

essentially no assumptions on the performance of the base learning algorithm. Tel-

garsky [103] proves similar results for logistic (or similar) loss using a slightly simpler

boosting algorithm.

Our results are a generalization of the results of Zhang and Yu [111] to the online

setting. However, we emphasize that this generalization is nontrivial and requires

different algorithmic ideas and proof techniques. Indeed, we were not able to directly

generalize the analysis in [111] by simply adapting the techniques used in Section 3.1,

but we made use of the classical Frank-Wolfe algorithm [35]. On the other hand,

while an important part of the convergence analysis for the batch setting is to show

statistical consistency of the algorithms [111, 10, 103], in the online setting we only
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need to study the empirical convergence (that is, the regret), which makes our analysis

much more concise.

3.2.1 Problem Setup

For a regression problem, we assume that examples are chosen from a feature space

X , and the prediction space is Rd. Let ‖ · ‖ denote some norm in Rd. On each round

t for t = 1, 2, . . . , T , an adversary selects an example xt ∈ X and a loss function

`t : Rd → R, and presents xt to the online learner. The online learner outputs a

prediction yt ∈ Rd, obtains the loss function `t, and incurs loss `t(yt).

Let F denote a reference class of regression functions f : X → Rd, and let C

denote a class of loss functions ` : Rd → R. Also, let R : N→ R+ be a non-decreasing

function. We say that the function class F is online learnable for losses in C with

regret R if there is an online learning algorithm A, that for every T ∈ N and every

sequence (xt, `t) ∈ X × C for t = 1, 2, . . . , T chosen by the adversary, generates

predictions10 A(xt) ∈ Rd such that

T∑
t=1

`t(A(xt)) ≤ inf
f∈F

T∑
t=1

`t(f(xt)) +R(T ). (3.16)

If the online learning algorithm is randomized, we require the above bound to hold

with high probability.

The above definition is simply the online generalization of standard empirical

risk minimization (ERM) in the batch setting. A concrete example is 1-dimensional

regression, i.e. the prediction space is R. For a labeled data point (x, y?) ∈ X × R,

the loss for the prediction y ∈ R is given by `(y?, y) where `(·, ·) is a fixed loss function

that is convex in the second argument (such as squared loss, logistic loss, etc). Given a

batch of T labeled data points {(xt, y?t ) | t = 1, 2, . . . , T} and a base class of regression

10There is a slight abuse of notation here. A(·) is not a function but rather the output of the
online learning algorithm A computed on the given example using its internal state.
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functions F (say, the set of bounded norm linear regressors), an ERM algorithm finds

the function f ∈ F that minimizes
∑T

t=1 `(y
?
t , f(xt)).

In the online setting, the adversary reveals the data (xt, y
?
t ) in an online fashion,

only presenting the true label y?t after the online learner A has chosen a prediction yt.

Thus, setting `t(yt) = `(y?t , yt), we observe that if A satisfies the regret bound (3.16),

then it makes predictions with total loss almost as small as that of the empirical risk

minimizer, up to the regret term. If F is the set of all bounded-norm linear regressors,

for example, the algorithm A could be online gradient descent [112] or online Newton

Step [57].

At a high level, in the batch setting, “boosting” is understood as a procedure

that, given a batch of data and access to an ERM algorithm for a function class F

(this is called a “weak” learner), obtains an approximate ERM algorithm for a richer

function class F ′ (this is called a “strong” learner). Generally, F ′ is the set of finite

linear combinations of functions in F . The efficiency of boosting is measured by

how many times, N , the base ERM algorithm needs to be called (i.e., the number of

boosting steps) to obtain an ERM algorithm for the richer function within the desired

approximation tolerance. Convergence rates [111] give bounds on how quickly the

approximation error goes to 0 and N →∞.

We now extend this notion of boosting to the online setting in the natural manner.

To capture the full generality of the techniques, we also specify a class of loss functions

that the online learning algorithm can work with. Informally, an online boosting

algorithm is a reduction that, given access to an online learning algorithm A for a

function class F and loss function class C with regret R, and a bound N on the

total number of calls made in each iteration to copies of A, obtains an online learning

algorithmA′ for a richer function class F ′, a richer loss function class C′, and (possibly

larger) regret R′. The bound N on the total number of calls made to all the copies of

A corresponds to the number of boosting stages in the batch setting, and in the online
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setting it may be viewed as a resource constraint on the algorithm. The efficacy of

the reduction is measured by R′ which is a function of R, N , and certain parameters

of the comparator class F ′ and loss function class C′. We desire online boosting

algorithms such that 1
T
R′(T ) → 0 quickly as N → ∞ and T → ∞. We make the

notions of richness in the above informal description more precise now.

Comparator function classes. A given function class F is said to be D-bounded

if for all x ∈ X and all f ∈ F , we have ‖f(x)‖ ≤ D. Throughout this chapter, we

assume that F is closed under negation:11 i.e. if f ∈ F , then −f ∈ F , and it contains

the constant zero function, which we denote, with some abuse of notation, by 0.

Given F , we define two richer function classes F ′: the convex hull of F ,

denoted CH(F), is the set of convex combinations of a finite number of func-

tions in F , and the span of F , denoted span(F), is the set of linear combina-

tions of finitely many functions in F . For any f ∈ span(F), define ‖f‖1 :=

inf
{

max{1,
∑

g∈S |wg|} : f =
∑

g∈S wgg, S ⊆ F , |S| <∞, wg ∈ R
}

. Since func-

tions in span(F) are not bounded, it is not possible to obtain a uniform regret bound

for all functions in span(F): rather, the regret of an online learning algorithm A for

span(F) is specified in terms of regret bounds for individual comparator functions

f ∈ span(F ), viz.

Rf (T ) :=
T∑
t=1

`t(A(xt))−
T∑
t=1

`t(f(xt)).

Loss function classes. The base loss function class we consider is L, the set of

all linear functions ` : Rd → R, with Lipschitz constant bounded by 1. A function

class F that is online learnable with the loss function class L is called online linear

11This is without loss of generality; as will be seen momentarily, our base assumption only requires
an online learning algorithm A for F for linear losses `t. By running the Hedge algorithm on two
copies of A, one of which receives the actual loss functions `t and the other recieves −`t, we get
an algorithm which competes with negations of functions in F and the constant zero function as
well. Furthermore, since the loss functions are convex (indeed, linear) this can be made into a
deterministic reduction by choosing the convex combination of the outputs of the two copies of A
with mixing weights given by the Hedge algorithm.
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learnable for short. The richer loss function class we consider is denoted by C and is a

set of convex loss functions ` : Rd → R satisfying some regularity conditions specified

in terms of certain parameters described below.

We define a few parameters of the class C. For any b > 0, let Bd(b) = {y ∈ Rd :

‖y‖ ≤ b} be the ball of radius b. The class C is said to have Lipschitz constant Lb on

Bd(b) if for all ` ∈ C and all y ∈ Bd(b) there is an efficiently computable subgradient

∇`(y) with norm at most Lb. Next, C is said to be βb-smooth on Bd(b) if for all ` ∈ C

and all y,y′ ∈ Bd(b) we have

`(y′) ≤ `(y) +∇`(y) · (y′ − y) +
βb
2
‖y − y′‖2.

Next, define the projection operator Πb : Rd → Bd(b) as Πb(y) := arg miny′∈Bd(b) ‖y−

y′‖, and define εb := supy∈Rd, `∈C
`(Πb(y))−`(y)
‖Πb(y)−y‖ .

3.2.2 Online Gradient Boosting

The setup is that we are given a D-bounded reference class of functions F with

an online linear learning algorithm A with regret bound R(·). For normalization,

we also assume that the output of A at any time is bounded in norm by D, i.e.

‖A(xt)‖ ≤ D for all t. We further assume that for every b > 0, we can compute12 a

Lipschitz constant Lb, a smoothness parameter βb, and the parameter εb for the class

C over Bd(b). Furthermore, the online boosting algorithm may make up to N calls

per iteration to any copies of A it maintains, for a given a budget parameter N .

Given this setup, our main result is an online boosting algorithm, Algorithm 9,

competing with span(F). The algorithm maintains N copies of A, denoted Ai, for

i = 1, 2, . . . , N . Each copy corresponds to one stage in boosting. When it receives a

new example xt, it passes it to each Ai and obtains their predictions Ai(xt), which

12It suffices to compute upper bounds on these parameters.
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Algorithm 9 Online Gradient Boosting for span(F)

Input: Number of weak learners N , step size parameter η ∈ [ 1
N
, 1],

1: Let B = min{ηND, inf{b ≥ D : ηβbb
2 ≥ εbD}}.

2: Maintain N copies of the algorithm A, denoted Ai for i = 1, 2, . . . , N .
3: For each i, initialize σi1 = 0.
4: for t = 1 to T do
5: Receive example xt.
6: Define y0

t = 0.
7: for i = 1 to N do
8: Define yit = ΠB((1− σitη)yi−1

t + ηAi(xt)).
9: end for

10: Predict yt = yNt .
11: Obtain loss function `t and suffer loss `t(yt).
12: for i = 1 to N do
13: Pass loss function `it(y) = 1

LB
∇`t(yi−1

t ) · y to Ai.
14: Set σit+1 = max{min{σit + αt∇`t(yi−1

t ) · yi−1
t , 1}, 0}, where αt = 1

LBB
√
t
.

15: end for
16: end for

it then combines into a prediction for yt using a linear combination. At the most

basic level, this linear combination is simply the sum of all the predictions scaled by

a step size parameter η. Two tweaks are made to this sum in step 8 to facilitate the

analysis:

1. While constructing the sum, the partial sum yi−1
t is multiplied by a shrinkage

factor (1− σitη). This shrinkage term is tuned using an online gradient descent

algorithm in step 14. The goal of the tuning is to induce the partial sums yi−1
t

to be aligned with a descent direction for the loss functions, as measured by the

inner product ∇`t(yi−1
t ) · yi−1

t .

2. The partial sums yit are made to lie in Bd(B), for some parameter B, by using

the projection operator ΠB. This is done to ensure that the Lipschitz constant

and smoothness of the loss function are suitably bounded.

Once the boosting algorithm makes the prediction yt and obtains the loss function `t,

each Ai is updated using a suitably scaled linear approximation to the loss function
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at the partial sum yi−1
t , i.e. the linear loss function 1

LB
∇`t(yi−1

t ) · y. This forces Ai

to produce predictions that are aligned with a descent direction for the loss function.

We provide the analysis of the algorithm in Section 3.2.3. The analysis yields the

following regret bound for the algorithm:

Theorem 13. Let η ∈ [ 1
N
, 1] be a given parameter. Let B = min{ηND, inf{b ≥ D :

ηβbb
2 ≥ εbD}}. Algorithm 9 is an online learning algorithm for span(F) and losses

in C with the following regret bound for any f ∈ span(F):

R′f (T ) ≤
(

1− η

‖f‖1

)N
∆0 + 3ηβBB

2‖f‖1T + LB‖f‖1R(T ) + 2LBB‖f‖1

√
T ,

where ∆0 :=
∑T

t=1 `t(0)− `t(f(xt)).

The regret bound in this theorem depends on several parameters such as B, βB

and LB. In applications of the algorithm for 1-dimensional regression with commonly

used loss functions, however, these parameters are essentially modest constants; see

the end of this section for calculations of the parameters for various loss functions.

Furthermore, if η is appropriately set (e.g. η = (logN)/N), then the average regret

R′f (T )/T clearly converges to 0 as N →∞ and T →∞. While the requirement that

N →∞ may raise concerns about computational efficiency, this is in fact analogous

to the guarantee in the batch setting: the algorithms converge only when the number

of boosting stages goes to infinity. Moreover, our lower bound (Theorem 15) shows

that this is indeed necessary.

We also present a simpler boosting algorithm, Algorithm 10, that competes with

CH(F). Algorithm 10 is similar to Algorithm 9, with some simplifications: the final

prediction is simply a convex combination of the predictions of the base learners,

with no projections or shrinkage necessary. While Algorithm 9 is more general, Algo-

rithm 10 may still be useful in practice when a bound on the norm of the comparator

function is known in advance, using the observations in Section 3.2.4. Furthermore,
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its analysis is cleaner and easier to understand for readers who are familiar with the

Frank-Wolfe method, and this serves as a foundation for the analysis of Algorithm 9.

This algorithm has an optimal (up to constant factors) regret bound as given in

the following theorem, proven in Section 3.2.3. The upper bound in this theorem is

proved along the lines of the Frank-Wolfe [35] algorithm, and the lower bound using

information-theoretic arguments.

Theorem 14. Algorithm 10 is an online learning algorithm for CH(F) for losses in

C with the regret bound R′(T ) ≤ 8βDD
2

N
T + LDR(T ). Furthermore, the dependence

of this regret bound on N is optimal up to constant factors.

The dependence of the regret bound on R(T ) is unimprovable without additional

assumptions: otherwise, Algorithm 10 will be an online linear learning algorithm over

F with better than R(T ) regret.

Algorithm 10 Online Gradient Boosting for CH(F)

1: Maintain N copies of the algorithm A, denoted A1,A2, . . . ,AN , and let ηi = 2
i+1

for i = 1, 2, . . . , N .
2: for t = 1 to T do
3: Receive example xt.
4: Define y0

t = 0.
5: for i = 1 to N do
6: Define yit = (1− ηi)yi−1

t + ηiAi(xt).
7: end for
8: Predict yt = yNt .
9: Obtain loss function `t and suffer loss `t(yt).

10: for i = 1 to N do
11: Pass loss function `it(y) = 1

LD
∇`t(yi−1

t ) · y to Ai.
12: end for
13: end for

Using a deterministic base online linear learning algorithm. If the base

online linear learning algorithm A is deterministic, then our results can be improved,

because our online boosting algorithms are also deterministic, and using a standard
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simple reduction, we can now allow C to be any set of convex functions (smooth or

not) with a computable Lipschitz constant Lb over the domain Bd(b) for any b > 0.

This reduction converts arbitrary convex loss functions into linear functions: viz.

if yt is the output of the online boosting algorithm, then the loss function provided

to the boosting algorithm as feedback is the linear function `′t(y) = ∇`t(yt) · y. This

reduction immediately implies that the base online linear learning algorithm A, when

fed loss functions 1
LD
`′t, is already an online learning algorithm for CH(F) with losses

in C with the regret bound R′(T ) ≤ LDR(T ).

As for competing with span(F), since linear loss functions are 0-smooth, we obtain

the following easy corollary of Theorem 13:

Corollary 3. Let η ∈ [ 1
N
, 1] be a given parameter, and set B = ηND. Algorithm 9

is an online learning algorithm for span(F) for losses in C with the following regret

bound for any f ∈ span(F):

R′f (T ) ≤
(

1− η

‖f‖1

)N
∆0 + LB‖f‖1R(T ) + 2LBB‖f‖1

√
T ,

where ∆0 :=
∑T

t=1 `t(0)− `t(f(xt)).

Parameters for several basic loss functions. To be specific, here we consider

the application of our results to 1-dimensional regression, where we assume, for nor-

malization, that the true labels of the examples and the predictions of the functions

in the class F are in [−1, 1]. In this case ‖ · ‖ denotes the absolute value norm. Thus,

in each round, the adversary chooses a labeled data point (xt, y
?
t ) ∈ X × [−1, 1], and

the loss for the prediction yt ∈ [−1, 1] is given by `t(yt) = `(y?t , yt) where `(·, ·) is

a fixed loss function that is convex in the second argument. Note that D = 1 in

this setting. We give examples of several such loss functions below, and compute the

parameters Lb, βb and εb for every b > 0, as well as B from Theorem 13.
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1. Linear loss: `(y?, y) = −y?y. We have Lb = 1, βb = 0, εb = 1, and B = ηN .

2. p-norm loss, for some p ≥ 2: `(y?, y) = |y? − y|p. We have Lb = p(b + 1)p−1,

βb = p(p− 1)(b+ 1)p−2, εb = max{p(1− b)p−1, 0}, and B = 1.

3. Modified least squares: `(y?, y) = 1
2

max{1 − y?y, 0}2. We have Lb = b + 1,

βb = 1, εb = max{1− b, 0}, and B = 1.

4. Logistic loss: `(y?, y) = ln(1 + exp(−y?y)). We have Lb = exp(b)
1+exp(b)

, βb = 1
4
,

εb = exp(−b)
1+exp(−b) , and B = min{ηN, ln(4/η)}.

3.2.3 Analysis

We first give the analysis of Algorithm 10 before that of Algorithm 9 since it is easier

to understand and provides the foundation for the analysis of Algorithm 9.

Proof of Theorem 14. First, note that for any i = 1, 2, . . . , N , since `it is a linear

function, we have

inf
f∈CH(F)

T∑
t=1

`it(f(xt)) = inf
f∈F

T∑
t=1

`it(f(xt)).

Let f be any function in CH(F). The equality above and the fact that Ai is an

online learning algorithm for F with regret bound R(·) for the 1-Lipschitz linear loss

functions `it(y) = 1
LD
∇`t(yi−1

t ) · y imply that

T∑
t=1

1

LD
∇`t(yi−1

t ) · Ai(xt) ≤
T∑
t=1

1

LD
∇`t(yi−1

t ) · f(xt) +R(T ). (3.17)
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Now define, for i = 0, 1, 2, . . . , N , ∆i =
∑T

t=1 `t(y
i
t)− `t(f(xt)). We have

∆i =
T∑
t=1

`t(y
i−1
t + ηi(Ai(xt)− yi−1

t ))− `t(f(xt))

≤
T∑
t=1

`t(y
i−1
t )− `t(f(xt)) + ηi∇`t(yi−1

t ) · (Ai(xt)− yi−1
t ) +

η2
i βD
2
‖Ai(xt)− yi−1

t ‖2

(by βD-smoothness of C)

≤

[
T∑
t=1

`t(y
i−1
t )− `t(f(xt)) + ηi∇`t(yi−1

t ) · (f(xt)− yi−1
t ) + 2η2

i βDD
2

]
+ ηiLDR(T )

(by (3.17) and using the bound ‖Ai(xt)− yi−1
t ‖ ≤ 2D)

≤

[
T∑
t=1

`t(y
i−1
t )− `t(f(xt))− ηi(`t(yi−1

t )− `t(f(xt))) + 2η2
i βDD

2

]
+ ηiLDR(T )

(
by convexity, `t(y

i−1
t ) +∇`(yi−1

t ) · (f(xt)− yi−1
t ) ≤ `t(f(xt))

)
= (1− ηi)∆i−1 + 2η2

i βDD
2T + ηiLDR(T ).

For i = 1, since η1 = 1, the above bound implies that ∆1 ≤ 2βDD
2T + LDR(T ).

Starting from this base case, an easy induction on i ≥ 1 proves that ∆i ≤ 8βDD
2

i
T +

LDR(T ). Applying this bound for i = N completes the proof.

We now show that the dependence of the regret bound of Algorithm 10 on the

parameter N is optimal up to constant factors. Similarly to Section 3.1.3, here we

define an online boosting algorithm as an algorithm whose prediction on each round

depends only on the current example, the predictions of different copies of the base

online linear learning algorithm and the entire history.

Theorem 15. Let N be any specified bound on the total number of calls in each

iteration to all copies of the base online linear learning algorithm. Then there is a

setting of 1-dimensional prediction with a 1-bounded comparator function class F , an

online linear optimization algorithm A over F , and a class C of loss functions that
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is 1-smooth on R such that any online boosting algorithm for CH(F) with losses in C

respecting the bound N has regret at least Ω( T
N

).

Proof. Consider the following construction. At a high level, the setting is 1-

dimensional regression with C corresponding to squared loss. The domain X = N

and true labels of examples are in [0, 1].

Define p1 = 1
2

+ ε and p2 = 1
2
− ε, where ε = 1

10
√
N

, and let D1 and D2 be

two distributions over {0, 1}N where each bit is a Bernoulli random variable with

parameter p1 and p2 respectively, chosen independently of the other bits. Consider a

sequence of examples (xt, y
?
t ) ∈ N× [0, 1] generated as follows: xt = t, and the label

y?t is chosen from {p1, p2} uniformly at random in each round.

Let c = 1
4000

. The function class F consists of a large number, M = 1
c
N , of

functions fi, i ∈ [M ]. For each t and i, we set fi(xt) = 1 w.p. y?t , and 0 w.p. 1− y?t ,

independently of all other values of t and i.

The base online linear learning algorithm A is simply Hedge over the M functions.

In each round, the Hedge algorithm selects one of the M functions in F and uses that

to predict the label, and for any sequence of T examples, with high probability, incurs

regret R(T ) = O(
√

log(M)T ).

We set C to be the set of squared loss functions, i.e. functions of the form `(y) =

1
2
(y − y?)2 for y? ∈ [0, 1]. Note that these loss functions are 1-smooth and D = 1. In

round t, the loss function is `t(y) = 1
2
(y − y?t )2.

Consider the function f̄ = 1
M

∑
i∈[M ] fi, which is in CH(F). Given any input

sequence (xt, y
?
t ) for t = 1, 2, . . . , T it is easy to calculate that E[1

2
(f̄(xt) − y?t )2] =

y?t (1−y?t )

2M
≤ 1

2M
, and since the examples and predictions of functions on the examples

are independent across iterations, a simple application of the multiplicative Cher-

noff bound implies that if T ≥ 12M , then with probability at least 0.9, we have∑T
t=1

1
2
(f̄(xt)− y?t )2 ≤ T

M
.
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Now suppose there is an online boosting algorithm making at most N calls total

to all copies of A in each iteration, that for any large enough T and for any sequence

(xt, y
?
t ) for t = 1, 2, . . . , T , outputs predictions yt such that with high probability, say

at least 0.9, we have
∑T

t=1
1
2
(yt− y?t )2 ≤

∑T
t=1

1
2
(f̄(xt)− y?t )2 + cT

N
. Then by a union

bound, with probability at least 0.8, we have
∑T

t=1
1
2
(yt − y?t )2 ≤ cT

N
+ T

M
≤ 2cT

N
. By

Markov’s inequality and a union bound, with probability at least 0.7, for a uniform

random time τ ∈ [T ], we have

1

2
(yτ − y?τ )2 ≤ 20c

N
=

ε2

2
, (3.18)

or in other words, yτ is on the same side of 1
2

as y?τ , and thus can be used to identify

y?τ . In the rest of the proof, we will use this fact, along with the fact that the total

variation distance between D1 and D2, denoted dTV(D1, D2), is small, to derive a

contradiction.

Define the random variable Y : {0, 1}N → R as follows. For any bit string

s = 〈s1, s2, . . . , sN〉 ∈ {0, 1}N , choose a random round τ ∈ [T ], and simulate the

online boosting process until round τ − 1 by sampling y?t ’s and the outputs of fi(xt)

for all t ≤ τ − 1 and i ∈ [M ] from the appropriate distributions. In round τ , let

fi1 , fi2 , . . . , fiN be the functions that are obtained from the at most N calls to copies

of A (there could be repetitions). Assign fij(xτ ) = sj for j ∈ [N ] (being careful with

repeated functions and repeating outputs appropriately), and run the booster with

these outputs to obtain yτ , and set Y (s) = yτ . Let Pr[·] denote probability of events

in this process for generating Y (s) given s.

Let E1[X(s)] and E2[X(s)] denote expectation of a random variable X : {0, 1}N →

R when s is drawn fromD1 andD2 respectively, and let E0[X(I, s)] denote expectation

of a random variable X : {1, 2}×{0, 1}N → R when I is chosen from {1, 2} uniformly

at random and then s is sampled from DI . The above analysis (inequality (3.18))
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implies that

0.7 ≤ E0[Pr[|Y (s)− pI | ≤ ε]] = 1
2
E1[Pr[|Y (s)− p1| ≤ ε]] + 1

2
E2[Pr[|Y (s)− p2| ≤ ε]].

Now define a random variable X : {0, 1}N → R as X(s) = Pr[Y (s) ≥ 1
2
]. Since

Pr[Y (s) ≥ 1
2
] ≥ Pr[|Y (s)− p1| ≤ ε] and 1− Pr[Y (s) ≥ 1

2
] ≥ Pr[|Y (s)− p2| ≤ ε],

we conclude, using the above bound, that E1[X(s)] − E2[X(s)] ≥ 0.4. This is a

contradiction, since because X(s) ∈ [0, 1], we have

E1[X(s)]− E2[X(s)] ≤ dTV(D1, D2) < 4
√
ε2N = 0.4,

where the bound on dTV(D1, D2) is standard, for e.g. see [55]. This gives us the

desired contradiction.

The above result can be easily extended to any given parameters β and D so that

the F is D-bounded and C is β-smooth on R, giving a lower bound of Ω(βD
2T
N

) on the

regret of an online boosting algorithm for CH(F) with losses in C: we simply scale all

function and label values by D, and consider the loss functions `(y, y?) = β
2
(y− y?)2.

If there were an online boosting algorithm for CH(F) with these loss functions with

regret o(βD
2T
N

), then by scaling down the predictions by D, we obtain an online

boosting algorithm for exactly the setting in the proof of Theorem 15 with a regret

bound of o( T
N

), which is a contradiction.

Next we show that Algorithm 9 satisfies the regret bound claimed in Theorem 13.

Proof of Theorem 13. Let f =
∑

g∈S wgg, for some finite subset S of F , where wg ∈

R. Since F is symmetric, we may assume that all wg ≥ 0, and let W :=
∑

g wg.

Furthermore, we may assume that 0 ∈ S with weight w0 = max{1−
∑

g∈S, g 6=0wg, 0},

so that W ≥ 1. Note that ‖f‖1 is exactly the infimum of W over all such ways of
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expressing f as a finite weighted sum of functions in F . We now prove that bound

stated in the theorem holds with ‖f‖1 replaced by W ; the theorem then follows simply

by taking the infimum of the bound over all such ways of expressing f .

Now, for each i ∈ [N ], the update in line 14 of Algorithm 9 is exactly online

gradient descent [112] on the domain [0, 1] with linear loss functions σ 7→ −∇`t(yi−1
t )·

yi−1
t σ. Note that the derivative of this loss function is bounded as follows:

| − ∇`t(yi−1
t ) · yi−1

t | ≤ LBB.

Since 1
W
∈ [0, 1], the standard analysis of online gradient descent then implies that

the sequence σit for t = 1, 2, . . . , T satisfies

T∑
t=1

−∇`t(yi−1
t ) · yi−1

t σit ≤
T∑
t=1

−∇`t(yi−1
t ) · yi−1

t

1

W
+ 2LBB

√
T . (3.19)

Next, since f =
∑

g∈S wgg with wg ≥ 0, we have

1

W

T∑
t=1

∇`t(yit) ·f(xt) =
1∑

g∈S wg

T∑
t=1

∑
g∈S

wg∇`t(yit) ·g(xt) ≥ min
g∈S

T∑
t=1

∇`t(yit) ·g(xt).

(3.20)

Let g? ∈ arg ming∈S
∑T

t=1∇`t(yit)·g(xt). SinceAi is an online learning algorithm for F

with regret bound R(·) for the 1-Lipschitz linear loss functions `it(y) = 1
LB
∇`t(yi−1

t )·y,

and g? ∈ F , multiplying the regret bound (3.16) by LB we have

T∑
t=1

∇`t(yi−1
t ) · Ai(xt) ≤

T∑
t=1

∇`t(yi−1
t ) · g?(xt) + LBR(T )

≤ 1

W

T∑
t=1

∇`t(yi−1
t ) · f(xt) + LBR(T )

(3.21)

by (3.20). Now, we analyze how much excess loss is potentially introduced due to

the projection in line 8. First, note that if B = ηND, then the projection has no
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effect since (1 − σitη)yi−1
t + ηAi(xt) ∈ Bd(B), and in this case `t(y

i
t) = `t((1 −

σitη)yi−1
t + ηAi(xt)). If B < ηND, then by the definition of B, ηβBB

2 ≥ εBD, and

since (1− σitη)yi−1
t ∈ Bd(B) and ‖ηAi(xt))‖ ≤ ηD, and we have

`t(y
i
t) = `t(ΠB((1− σitη)yi−1

t + ηAi(xt))) ≤ `t((1− σitη)yi−1
t + ηAi(xt)) + ηεBD.

In either case, we have

`t(y
i
t) ≤ `t((1− σitη)yi−1

t + ηAi(xt)) + η2βBB
2. (3.22)

We now move to the main part of the analysis. Define for i = 0, 1, 2, . . . , N ,

∆i :=
∑T

t=1 `t(y
i
t)− `t(f(xt)). We bound ∆i as follows:

[
T∑
t=1

`t((1− σitη)yi−1
t + ηAi(xt))− `t(f(xt))

]
+ η2βBB

2T

≤ ∆i−1 +

[
T∑
t=1

η∇`t(yi−1
t ) · (Ai(xt)− σityi−1

t ) +
βBη

2

2
‖Ai(xt)− σityi−1

t ‖2

]
+ η2βBB

2T

(by βB-smoothness)

≤ ∆i−1 +

[
T∑
t=1

η

W
∇`t(yi−1

t ) · (f(xt)− yi−1
t )

]
+ 3η2βBB

2T + ηLBR(T ) + 2ηLBB
√
T

(by (3.19), (3.21) and the fact that ‖Ai(xt)− σityi−1
t ‖ ≤ D +B ≤ 2B)

≤
(

1− η

W

)
∆i−1 + 3η2βBB

2T + ηLBR(T ) + 2ηLBB
√
T ,

since, by convexity of `t we have `t(y
i−1
t ) + ∇`(yi−1

t ) · (f(xt) − yi−1
t ) ≤ `t(f(xt)).

Applying the above bound iteratively, we get

∆N ≤
(

1− η

W

)N
∆0 +

N∑
i=1

(
1− η

W

)i−1

· (3η2βBB
2T + ηLBR(T ) + 2ηLBB

√
T )

≤
(

1− η

W

)N
∆0 + 3ηβBB

2WT + LBWR(T ) + 2LBBW
√
T .
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This completes the proof.

3.2.4 Variants and Generalizations

Our boosting algorithms and the analysis are considerably flexible: it is easy to modify

the algorithms to work with a different (and perhaps more natural) kind of base

learner which does greedy fitting, or incorporate a scaling of the base functions which

improves performance. Also, when specialized to the batch setting, our algorithms

provide better convergence rates than previous work.

Fitting to actual loss functions. The choice of an online linear learning algorithm

over the base function class in our algorithms was made to ease the analysis. In

practice, it is more common to have an online algorithm which produces predictions

with comparable accuracy to the best function in hindsight for the actual sequence

of loss functions. In particular, a common heuristic in boosting algorithms such as

the original gradient boosting algorithm by Friedman [41] or the matching pursuit

algorithm of Mallat and Zhang [76] is to build a linear combination of base functions

by iteratively augmenting the current linear combination by greedily choosing a base

function and a step size for it that minimizes the loss with respect to the residual

label. Indeed, the boosting algorithm of Zhang and Yu [111] also uses this kind of

greedy fitting algorithm as the base learner.

In the online setting, we can model greedy fitting as follows. We first fix a step

size α ≥ 0 in advance. Then, in each round t, the base learner A receives not only the

example xt, but also an offset y′t ∈ Rd for the prediction, and produces a prediction

A(xt) ∈ Rd, after which it receives the loss function `t and suffers loss `t(y
′
t+αA(xt)).

The predictions of A satisfy

T∑
t=1

`t(y
′
t + αA(xt)) ≤ inf

f∈F

T∑
t=1

`t(y
′
t + αf(xt)) +R(T ),
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where R is the regret. Our algorithms can be made to work with this kind of base

learner as well. The details can be found in Appendix B.2.1.

Improving the regret bound via scaling. Given an online linear learning al-

gorithm A over the function class F with regret R, then for any scaling parameter

λ > 0, we trivially obtain an online linear learning algorithm, denoted λA, over a

λ-scaling of F , viz. λF := {λf | f ∈ F}, simply by multiplying the predictions of A

by λ. The corresponding regret scales by λ as well, i.e. it becomes λR.

The performance of Algorithm 9 can be improved by using such an online linear

learning algorithm over λF for a suitably chosen scaling λ ≥ 1 of the function class

F . The regret bound from Theorem 13 improves because the 1-norm of f measured

with respect to λF , i.e. ‖f‖′1 = max{1, ‖f‖1
λ
}, is smaller than ‖f‖1, but degrades

because the parameter B′ = min{ηNλD, inf{b ≥ λD : ηβbb
2 ≥ εbλD}} is larger

than B. But, as detailed in Appendix B.2.2, in many situations the improvement due

to the former compensates for the degradation due to the latter, and overall we can

get improved regret bounds using a suitable value of λ.

Improvements for batch boosting Our algorithmic technique can be easily spe-

cialized and modified to the standard batch setting with a fixed batch of training

examples and a base learning algorithm operating over the batch, exactly as in [111].

The main difference compared to the algorithm of [111] is the use of the σ variables

to scale the coefficients of the weak hypotheses appropriately. While a seemingly

innocuous tweak, this allows us to derive analogous bounds to those of Zhang and

Yu [111] on the optimization error that show that our boosting algorithm converges

exponentially faster. A detailed comparison can be found in Appendix B.2.3.

94



Table 3.3: Improvement of Online Gradient Boosting over different base learners

Base learner
Average improvement Median improvement

Algorithm 9 Algorithm 10 Algorithm 9 Algorithm 10
VW 1.65% 1.33% 0.03% 0.29%

Regression stumps 20.22% 15.90% 10.45% 13.69%
Neural networks 7.88% 0.72% 0.72% 0.33%

3.2.5 Experiments

We again implement and evaluate Algorithms 9 and 10 within the Vowpal Wabbit

(VW) open source machine learning system [105]. The three online base learners used

were VW’s default linear learner (a variant of stochastic gradient descent), two-layer

sigmoidal neural networks with 10 hidden units, and regression stumps.

Regression stumps were implemented by doing stochastic gradient descent on each

individual feature, and predicting with the best-performing non-zero valued feature

in the current example.

All experiments were done on a collection of 14 publically available regression

and classification datasets (described in Appendix D) using squared loss. The only

parameters tuned were the learning rate and the number of weak learners, as well as

the step size parameter for Algorithm 9. Parameters were tuned based on progressive

validation loss on half of the dataset; reported is progressive validation loss on the

remaining half. Progressive validation is a standard online validation technique, where

each training example is used for testing before it is used for updating the model [17].

Table 3.3 reports the average and the median, over the datasets, relative improve-

ment in squared loss over the respective base learner. One can see that boosting is

much more effective for weaker base learners such as regression stumps, while still

achieves reasonable improvement for stronger base learners such as neural networks

and VW default learner.
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3.3 Conclusion and Future Directions

In this chapter, we developed a theory of online boosting, the task of improving the

accuracy of an existing online learning algorithm by training and combining several

copies of it appropriately. Our results are based on a natural weak learning assump-

tion that generalizes the one in the batch setting directly. We proposed two online

boosting algorithms and showed that one of them is optimal in terms of the number

of weak learners and the number of examples to achieve a specific error, while the

other is suboptimal but adaptive in the sense that it is parameter-free and able to

exploit the fact that some weak learners might be doing better than others. One

obvious yet difficult open question here is whether we can get both optimality and

adaptivity at the same time.

In the second part of this chapter we also generalized the theory of boosting

for regression problems to the online setting and provided online gradient boosting

algorithms with theoretical convergence guarantees. Our algorithmic technique also

improves convergence guarantees for batch boosting algorithms. We also provided

experimental evidence that our boosting algorithms do improve prediction accuracy

over commonly used base learners in practice, with greater improvements for weaker

base learners. The main remaining open question here is whether the algorithm we

propose for competing with the span of the base functions is optimal in any sense,

similar to our proof of optimality for the algorithm for competing with the convex

hull of the base functions.
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Chapter 4

Efficient Second Order Online

Learning via Sketching

In this chapter we study efficient invariant online learning. The performance of classic

learning algorithms (such as gradient descent) usually depends on how the data is

represented, for instance, whether length is measured in meters or centimeters. In

the offline setting where all the data is available in advance, one can simply perform

preprocessing (such as whitening) on the data before feeding it to the algorithm, so

that the way the data is represented does not affect the algorithm anymore. Since

this is only done once before training happens, the overhead is negligible.

In the online setting, however, examples arrive one by one on the fly and data

preprocessing is no longer an option. The main question is thus whether in this case

we can still have an efficient algorithm whose performance is independent of how the

data is represented.

To address this problem, we thus propose an online learning algorithm that is

invariant to linear transformation and as a result enjoy a regret guarantee that is

independent of the representation of the data. Our algorithm is an adaptive version

of Online Newton Step [57] which makes use of second order information. To over-
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come the quadratic running time of the algorithm, we combine different sketching

techniques with our algorithm to achieve running time that is linear in the number

of dimension, which is then even improved to be linear in the sparsity of the data.

Moreover, we rigorously study the regret guarantee when using some of the sketching

techniques and show that, roughly speaking, the regret is only slightly affected as

long as the size of the sketch is larger than the number of significant directions of the

data.

This chapter includes joint work with Alekh Agarwal, Nicolò Cesa-Bianchi and

John Langford [75].

4.1 Motivation and Main Results

Online learning methods are highly successful at rapidly reducing the test error on

large, high-dimensional datasets. First-order methods are particularly attractive in

such problems as they typically enjoy computational complexity linear in the input

size. However, the convergence of these methods crucially depends on the represen-

tation of the data; for instance, running the same algorithm on the same dataset

but with different feature representation (e.g. using meter instead of centimeter to

measure length) can return vastly inferior results.

One approach to address this problem is to require that the algorithm is invariant

to linear transformation, meaning that if an unknown linear transformation is applied

to all the data in advance, the algorithm would make the exact same predictions as

it would have given the original data. If an algorithm has this invariance property,

then we can simply pretend that the algorithm is run on the best represented dataset

obtained by preprocessing the original data as if we had the entire data beforehand.

Second order algorithms such as Online Newton Step [57] have this invariant

property, but typically require update time which is quadratic in the number of
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dimensions. Furthermore, the dependence on dimension is not improved even if the

examples are sparse. These issues lead to the key question in our work: How do we

develop (approximately) invariant online learning algorithms with efficient updates?

More concretely, we want algorithms with update cost linear in input sparsity like

first-order methods (albeit with a larger constant).

To improve the computational efficiency, we study how sketching techniques can

be combined with Online Newton Step and reduce its running time to be linear. While

the idea of data sketching is widely studied [110], as far as we know our work is the

first one to apply it to the adversarial online learning setting providing rigorous regret

guarantees. Three different sketching methods are considered: Random Projections

(RP) [61, 3], Frequent Directions [69, 46], and Oja’s algorithm [85, 86], all of which

allow linear running time per round. For the first two methods, we prove regret

bounds similar to the one of the original Online Newton Step whenever the sketch-

size is large enough. For example, we show that the regret using the RP sketch

is at most Õ(
√
Td) for convex losses and Õ(d lnT ) with an additional curvature

assumption, where T is the number of examples and d is the number of dimensions.

We show that this optimizes a regret bound even in hindsight up to log factors, with

a computational overhead of O(r+ lnT ) if the data is of rank r. Our analysis makes

it easy to plug in other sketching and online PCA methods (e.g. [44]).

For practical implementations, in Section 4.5 we further develop sparse versions of

these updates with a running time linear in the sparsity of the examples instead of the

dimensions. We believe that these are the first known sparse implementations of the

Frequent Directions and Oja’s algorithm, and may be of independent interest. Overall,

our work provides the first proven approximately invariant and efficient algorithms

for online learning.
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Related work Our online learning setting is closest to the one proposed in [94],

which studies scale-invariant algorithms, a special case of the invariance property

considered here (see also [89, Section 5]). Computational efficiency, a main concern

in this work, is not a problem there since each coordinate is scaled independently.

Orabona and Pál [88] study unrelated notions of invariance.

Another line of work focuses on reducing the effect of how data is represented

in stochastic optimization, where the examples are drawn i.i.d. from a distribution.

The L-BFGS algorithm [70] has recently been studied in the stochastic setting [99,

21, 81, 102, 82], but the analysis relies on assumptions of smoothness and strong

convexity with pessimistic rates in theory and reliance on the use of large mini-batches

empirically. Recent work by Gonen and Shalev-Shwartz [47] considers a random

projection sketching approach to stochastic optimization, but does not consider other

sketches or sparse implementation, and does not extend in an obvious manner to the

online setting.

The Frank-Wolfe algorithm [35, 62] is also invariant to linear transformations, but

the online regret bounds scale as O(T 2/3) as opposed to the typical O(
√
T ) rates [54].

Garber and Hazan [43] improve the regret to O(
√
T ) but with a much more compli-

cated variants.

Notation We introduce some matrix notation. We use diag{x} to represent a

diagonal matrix with x on the diagonal, λi(A) to denote the i-th largest eigenvalue

of A, ‖w‖A to denote
√
w>Aw. The determinant and trace of A are represented by

|A| and tr(A) respectively. Finally, 〈A,B〉 denotes
∑

i,j Ai,jBi,j, and A � B means

that B − A is positive semidefinite.

4.2 Setup and a Meta Algorithm

We consider a general online linear prediction setting. On each round t = 1, 2 . . .
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1. the adversary first presents an example xt ∈ Rd,

2. the learner chooses wt ∈ Rd and predicts w>t xt,

3. the adversary reveals a loss ft(w) = `t(w
>xt) for some convex differentiable

`t : R→ R+,

4. the learner suffers loss ft(wt) for this round.

As in previous sections, the regret of the learner with respect to a fixed comparator

w is defined as

RT (w) =
T∑
t=1

ft(wt)−
T∑
t=1

ft(w) .

Typical results study RT (w) against all w with a bounded norm in some geometry.

For an invariant update, we relax this requirement and only put bounds on the

predictions w>xt. Specifically, we define for some pre-chosen positive constant C,

Kt
def
=
{
w : |w>xt| ≤ C

}
. (4.1)

We seek to minimize regret to all comparators that generate bounded predictions on

every data point, i.e.

RT = sup
w∈K

RT (w), K def
=

T⋂
t=1

Kt .

Under this setup, if the data were transformed to Mxt for all t and some invertible

matrix M ∈ Rd×d, the optimal w∗ would simply move to (M−1)>w∗, ensuring the

same predictions. This is exactly the key property we are looking for for invariant

learning.

We make two structural assumptions on the loss.

Assumption 1. (Scalar Lipschitz) The loss function `t satisfies |`′t(z)| ≤ L whenever

|z| ≤ C.
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Assumption 2. (Curvature) There exists σt ≥ 0 such that for all u,w ∈ K,

ft(w) ≥ ft(u) +∇ft(u)>(w − u) +
σt
2

(
∇ft(u)>(u−w)

)2
.

When σt = 0, this assumption merely imposes convexity. More generally, it is

satisfied by squared loss ft(w) = (w>xt − yt)2 with σt = 1
8C2 whenever |w>xt| and

|yt| are bounded by C, as well as for all exp-concave functions (see Hazan et al. [57,

Lemma 3]).

To solve the problem, we consider a broad family of updates that generalizes

the well-known gradient descent method and is similar to the Online Newton Step

of Hazan et al. [57]. At round t + 1 with some invertible matrix At (that will be

specified later) and gradient gt = ∇ft(wt), the algorithm performs the following

update before making the prediction on the new data point xt+1,

ut+1 = wt − A−1
t gt

wt+1 = argmin
w∈Kt+1

‖w − ut+1‖At .
(4.2)

The projection onto the set Kt+1 (defined in (4.1)) differs from typical norm-based

projections as it only enforces boundedness on xt+1 at round t+ 1.

One can think of At as a generalized “learning rate”. If At is a scaled identity

matrix, then this simply degenerates to gradient descent. If At is some diagonal

matrix, updates similar to those of Ross et al. [94] are recovered. We will later

see how this generalization helps solve the problem. Different matrices At result in

different methods in the following sections, all of which satisfy the following regret

bound.

Proposition 1. For any sequence of positive definite matrices At and sequence of

losses satisfying Assumptions 1 and 2, the regret of updates (4.2) against any com-
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parator w ∈ K satisfies

2RT (w) ≤ ‖w‖2
A0

+
T∑
t=1

gTt A
−1
t gt︸ ︷︷ ︸

“Gradient Bound” RG

+
T∑
t=1

(wt −w)>(At − At−1 − σtgtg>t )(wt −w)︸ ︷︷ ︸
“Diameter Bound” RD

(4.3)

Proof. Since wt+1 is the projection of ut+1 onto Kt+1, by the property of projections

(see for example [54, Lemma 8]), the algorithm ensures

‖wt+1 −w‖2
At
≤ ‖ut+1 −w‖2

At
= ‖wt −w‖2

At
+ g>t A

−1
t gt − 2g>t (wt −w)

for all w ∈ K ⊆ Kt+1. By the curvature property in Assumption 1, we then have that

2RT (w) ≤
T∑
t=1

2g>t (wt −w)− σt
(
g>t (wt −w)

)2

≤
T∑
t=1

g>t A
−1
t gt + ‖wt −w‖2

At
− ‖wt+1 −w‖2

At
− σt

(
g>t (wt −w)

)2

= ‖w‖2
A0

+
T∑
t=1

g>t A
−1
t gt + (wt −w)>(At − At−1 − σtgtg>t )(wt −w),

which completes the proof.

The form of regret bound above is standard in online learning, and is invoked

below for several choices of At considered next.

4.3 Full second-order updates

We postpone computational considerations to develop intuition for good choices of

the matrix At. We begin by considering the best fixed choice for A in hindsight, before

analyzing a related adaptive version.
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4.3.1 Best choice in hindsight

Taking a cue from previous works [33, 80, 94], we first consider how to pick the

best fixed matrix A, if all the xt and gradients gt were known and fixed in advance.

Although this is fallacious as a method (since different choices of A produce different

gradient sequences) this exercise provides intuition on good matrix design. Setting

At ≡ A � 0 for all t, the regret bound (4.3) gives

2RT (w) ≤ ‖w‖2
A +

T∑
t=1

g>t A
−1gt .

The best fixed matrix against all comparators w ∈ K solves the following minimax

problem

inf
A�0

sup
w∈K
‖w‖2

A +
t∑
t=1

g>t A
−1gt .

since w ∈ K implies |w>xt| ≤ C for all t. This minimax problem is identical to

that of Ross et al. [94], yet dealing with the set K for non-diagonal matrices A is

challenging. We instead endow the adversary with more power, allowing it to pick

from a larger set K′ =
{
w ∈ Rd :

∑T
t=1(w>gt)

2 ≤ TL2C2
}

. Assumption 1 ensures

K′ ⊇ K. With this relaxation, the following result holds.

Proposition 2. If G
def
=
∑T

t=1 gtg
>
t is invertible then

inf
A�0

sup
w∈K′

‖w‖2
A +

T∑
t=1

g>t A
−1gt = 2CL

√
dT

and the optimal choice is A =
√

d
L2C2T

G.

Proof. Note that w ∈ K′ is equivalent to
∥∥G1/2w

∥∥
2
≤
√
TLC, where G =

∑T
t=1 gtg

>
t .

So by the change of variable w̃ = G1/2w√
TLC

, we have

sup
w∈K′

‖w‖2
A = TL2C2 sup

‖w̃‖2≤1

w̃>(G−1/2AG−1/2)w̃ = TL2C2λ1(B)
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where B = G−1/2AG−1/2 and recall that λi(·) represents the i-th largest eigenvalue

of the argument. So we have

sup
w∈K′

‖w‖2
A +

T∑
t=1

g>t A
−1gt = TL2C2λ1(B) +

T∑
t=1

g>t (G1/2BG1/2)−1gt

= TL2C2λ1(B) +

〈
(G1/2BG1/2)−1,

T∑
t=1

gtg
>
t

〉

= TL2C2λ1(B) + tr(G−1/2B−1G−1/2G)

= TL2C2λ1(B) + tr(B−1)

= TL2C2λ1(B) +
d∑
i=1

1

λi(B)
.

If λi(B) < λ1(B) for some i 6= 1, then by increasing λi(B) so that λi(B) = λ1(B),

we can always make the upper bound smaller, which means that the optimal B

should have d identical eigenvalues, that is, B = λId for some λ > 0. Plugging this

form of B leads to TL2C2λ + d
λ

= 2CL
√
Td for λ∗ =

√
d

TC2L2 . The best A is thus

G1/2(λ∗Id)G
1/2 = 1

LC

√
d
T
G.

Proposition 2 suggests setting the matrices At in terms of the sum of gradient outer

products. This choice is essentially identical to the Online Newton Step (ONS) algo-

rithm [57], and is also similar to the full-matrix version of the AdaGrad method [33],

where G1/2 was used.

4.3.2 Adapting the matrix online

To turn the above intuition into an algorithm with the update form (4.2), we set

At = αId +
t∑

s=1

(σs + ηs)gsg
>
s (4.4)
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for some parameters α > 0 and ηt ≥ 0. The parameter α ensures the invertibility of

At, although it does incorporate a dependence on the `2 geometry and does not leave

the updates truly invariant as discussed later. The update is essentially identical to

ONS, except that we project onto the set Kt at time t, while ONS projects onto a

fixed set. The projection step can be performed in closed form as the next lemma

shows.

Lemma 11. For any x 6= 0,u ∈ Rd and positive definite matrix A ∈ Rd×d, we have

argmin
w : |w>x|≤C

‖w − u‖A = u− τC(u>x)

x>A−1x
A−1x

where τC(y) = sign(y) max{|y| − C, 0}.

The proof of the above lemma (generalized to rank deficient A) is in Appendix C.1.

The same projection in a different context than invariant learning appears in Gentile

and Orabona [45]. This choice of the matrices At simplifies the general regret bound

of Proposition 1.

Theorem 16. Under Assumptions 1 and 2, suppose that σt ≥ σ ≥ 0 for all t, and

ηt is non-increasing. Then using the matrices (4.4) in the updates (4.2) yields for all

w ∈ K

RT (w) ≤ α

2
‖w‖2

2 + 2(CL)2

T∑
t=1

ηt +
d

2(σ + ηT )
ln

(
1 +

(σ + ηT )
∑T

t=1 ‖gt‖
2
2

dα

)
.

Proof. The theorem is proved by applying Proposition 1 with the choice of the ma-

trices At in Theorem 16. Recalling that A0 = αId and At = At−1 + (σt + ηt)gtg
T
t , we
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obtain

2RT (w) ≤ ‖w‖2
A0

+
T∑
t=1

g>t A
−1
t gt + (wt −w)>(At − At−1 − σtgtg>t )(wt −w)

= α ‖w‖2
2 +

T∑
t=1

g>t A
−1
t gt + ηt(wt −w)>gtg

>
t (wt −w)

≤ α ‖w‖2
2 +

T∑
t=1

g>t A
−1
t gt + 4(CL)2ηt

where the last equality uses the Lipschitz property in Assumption 1 and the bound-

edness of w>t xt and w>xt.

Define Ât = α
σ+ηT

Id +
∑t

s=1 gsg
>
s . Since σt ≥ σ and ηt is non-increasing, we have

Ât � 1
σ+ηT

At. We now proceed as follows:

T∑
t=1

g>t A
−1
t gt ≤

1

σ + ηT

T∑
t=1

g>t Â
−1
t gt

=
1

σ + ηT

T∑
t=1

〈
Ât − Ât−1, Â

−1
t

〉
≤ 1

σ + ηT

T∑
t=1

ln
|Ât|
|Ât−1|

=
1

σ + ηT
ln
|ÂT |
|Â0|

=
1

σ + ηT

d∑
i=1

ln

1 +
(σ + ηT )λi

(∑T
t=1 gtg

>
t

)
α


≤ d

σ + ηT
ln

1 +
(σ + ηT )

∑d
i=1 λi

(∑T
t=1 gtg

>
t

)
dα


=

d

σ + ηT
ln

(
1 +

(σ + ηT )
∑T

t=1 ‖gt‖
2
2

dα

)

where the second inequality is by the concavity of the function ln |X| (see [57, Lemma

12] for an alternative proof), and the last one is by Jensen’s inequality. This concludes

the proof.
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As noted earlier, the dependence on ‖w‖2
2 implies that the method is not truly

invariant to transformations of the data. However, this is not critical since α is

fixed and small while the other part of the bound grows to eventually become the

dominating term. Moreover, we can set α = 0 and replace the inverse with the

Moore-Penrose pseudoinverse, as discussed in Appendix C.2. We use α > 0 in the

remainder for simplicity.

If σ = 0 and ηt = 1
CL

√
d
t
, the bound simplifies to

RT (w) ≤α
2
‖w‖2

2 +
CL

2

√
Td ln

(
1 +

∑T
t=1 ‖gt‖

2
2

αCL
√
Td

)
+ 4CL

√
Td ,

only losing a logarithmic factor from Proposition 2.

If σt ≥ σ > 0 for all t, then with ηt = 0 the regret is

RT (w) ≤ α

2
‖w‖2

2 +
d

2σ
ln

(
1 +

σ
∑T

t=1 ‖gt‖
2
2

dα

)
. (4.5)

extending the O(d lnT ) results of Hazan et al. [57] to the weaker Assumption 2 and

larger comparator set.

4.4 Efficiency via Sketching

Our updates so far require Ω(d2) time just as ONS. Here we show how to achieve

regret guarantees nearly as good as the above bounds, while keeping computation

within a constant factor of first-order methods.

Let Gt ∈ Rt×d be a matrix such that the t-th row is ĝ>t where we define ĝt =

√
σt + ηtgt to be the to-sketch vector. Recall our previous setting At = αId +

G>t Gt (4.4). Sketching maintains an approximation of Gt, denoted by St ∈ Rm×d

where m� d is the sketch size. If m is chosen so that S>t St approximates G>t Gt well,

we can redefine At as αId + S>t St for the algorithm.
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Algorithm 11 Sketched Online Newton (SON)

Input: Parameters C, α and m.
1: Initialize u1 = 0d×1.
2: Initialize sketch (S,H)← SketchInit(α,m).
3: for t = 1 to T do
4: Receive example xt.

5: Projection step: compute x̂ = Sxt, c =
τC(u>t xt)

x>t xt−x̂>Hx̂
and set wt = ut −

c(xt − S>Hx̂).
6: Predict label yt = w>t xt and suffer loss `t(yt).
7: Compute gradient gt = `′t(yt)xt and the to-sketch vector ĝ =

√
σt + ηtgt.

8: (S,H)← SketchUpdate(ĝ).
9: Update weight:

ut+1 = wt − 1
α

(gt − S>HSgt).
10: end for

To see why this admits an efficient algorithm, notice that by Woodbury for-

mula [109] one has

A−1
t =

1

α

(
Id − S>t (αIm + StS

>
t )−1St

)
.

With the notation Ht = (αIm+StS
>
t )−1 ∈ Rm×m and ct = τC(u>t+1xt+1)/(x>t+1xt+1−

x>t+1S
>
t HtStxt+1), update (4.2) becomes:

ut+1 = wt −
1

α

(
gt − S>t HtStgt

)
wt+1 = ut+1 − ct

(
xt+1 − S>t HtStxt+1

)
.

The operations involving Stxt or Stgt require only O(md) time, while matrix vector

products with Ht require only O(m2). Altogether, updates are at most m times more

expensive than first-order ones when Ht can be maintained efficiently. The Sketched

Online Newton (SON) algorithm is presented in Algorithm 11.

We now discuss three sketching techniques to maintain the matrices St and Ht

efficiently, each requiring O(md) storage and time linear in d.

109



Algorithm 12 Random Projection Sketch for RP-SON

Internal States: S and H.

SketchInit(α,m)
1: Set S = 0m×d and H = 1

α
Im.

2: Return (S,H).

SketchUpdate(ĝ)
1: Draw r ∼ N (0, 1√

m
) and update S ← S + rĝ>.

2: Compute q = Sĝ − ĝ>ĝ
2
r, update H ← H − Hqr>H

1+r>Hq
and H ← H − Hrq>H

1+q>Hr
.

3: Return (S,H).

4.4.1 Random Projection

Random projections are classical methods for sketching [61, 3, 64]. Here we consider

Gaussian Random Projection (RP) sketch: St = St−1 + rtĝ
>
t , where each entry of

rt ∈ Rm is an independent random Gaussian variable drawn from N (0, 1/
√
m). Since

the update of H−1
t can be realized by two rank-one updates:

H−1
t = αId + StS

>
t = αId + (St−1 + rtĝ

>
t )(St−1 + rtĝ

>
t )> = H−1

t−1 + qtr
>
t + rtq

>
t ,

where qt = Stĝt − ‖ĝt‖
2
2

2
rt, with Woodbury formula this results in O(md) update of

S and H (see Algorithm 12), and the overall time complexity for each round is also

O(md). Moreover when α = 0 the algorithm is still invariant to linear transformation

for each fixed realization of the randomness. If r is the rank of GT , then Proposition 1

implies the following bound (recall the definition of RD and RG in Eq. (4.3)), which

further implies that the regret is the same as the one in Theorem 16 up to constants.

Theorem 17. Under Assumptions 1 and 2, if SON is run with the Random Projection

sketch of size m = Ω
(
(r + ln(T/δ))ε−2

)
, where r = rank(GT ), then

(1) E[RD] ≤ 4(CL)2
∑T

t=1 ηt, and

(2) RG ≤ 1
1−ε
∑T

t=1 g
>
t (αId +G>t Gt)

−1gt with probability at least 1− δ.
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Proof. We apply the property of the random projection method (see for example [110,

Theorem 2.3]): as long as m = Ω
(
(r + ln(T/δ))ε−2

)
, with probability at least 1− δ,

(1− ε)G>t Gt � S>t St � (1 + ε)G>t Gt for all t = 1, . . . , T

which implies A−1
t � 1

1−ε(αId + G>t Gt)
−1 and thus RG ≤ 1

1−ε
∑T

t=1 g
>
t (αId +

G>t Gt)
−1gt. For RD, first fix all the randomness before drawing rt and let Et be the

corresponding conditional expectation, then we have

Et[At − At−1] = Et
[
S>t−1rtĝ

>
t + ĝtr

>
t St−1 + ‖rt‖2

2 ĝtĝ
>
t

]
= (σt + ηt)gtg

>
t .

Since wt,w and gt are fixed, we continue with

Et
[
(wt−w)>(At−At−1−σtgtg>t )(wt−w)

]
= ηt(wt−w)>gtg

>
t (wt−w) ≤ 4(CL)2ηt .

Therefore, taking the overall expectation gives E[RD] ≤ 4(CL)2
∑T

t=1 ηt.

We call this combination of SON with RP-sketch RP-SON. Comparing Theo-

rems 16 and 17, the expected regret is the same up to constants when ε is a constant.

Consequently, RP-SON is a near invariant algorithm that gives substantial computa-

tional gains when r is significantly smaller than d with minimal regret overhead.

4.4.2 Frequent Directions

When the gradient matrix is near full-rank, RP-SON may not perform well. Frequent

Directions (FD) sketch [69, 46] is a deterministic sketching method which maintains

the invariant that the last row of St is always 0. On each round, the vector ĝ>t

is inserted into the last row of St−1, then the covariance of the resulting matrix is

eigendecomposed into V >t ΣtVt and St is set to (Σt−ρtIm)
1
2Vt where ρt is the smallest

eigenvalue. Since the rows of St are orthogonal to each other, StS
>
t is a diagonal
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Algorithm 13 Frequent Direction Sketch for FD-SON

Internal States: S and H.

SketchInit(α,m)
1: Set S = 0m×d and H = 1

α
Im.

2: Return (S,H).

SketchUpdate(ĝ)
1: Insert ĝ into the last row of S.
2: Compute eigendecomposition: V >ΣV = S>S and set S = (Σ− Σm,mIm)

1
2V .

3: Set H = diag
{

1
α+Σ1,1−Σm,m

, · · · , 1
α+Σm,m−Σm,m

}
.

4: Return (S,H).

matrix and so is Ht (see Algorithm 13). We call the combination of SON with FD-

sketch FD-SON.

The sketch update works in O(md) time (see [46]) so the total running time

is thus O(md) per round. The following regret bound uses the notation Ωk =∑d
i=k+1 λi(G

>
TGT ) for any k = 0, . . . ,m− 1.

Theorem 18. Assuming σt ≥ σ ≥ 0 for all t, Assumptions 1 and 2 hold, and ηt is

non-increasing, If SON uses the Frequent Directions sketch, then RT (w) is at most

α

2
‖w‖2

2 +
m

2(σ + ηT )
ln

(
1 +

tr(S>T ST )

mα

)
+

mΩk

2(m− k)(σ + ηT )α
+ 2(CL)2

T∑
t=1

ηt

for all k ∈ {0, . . . ,m− 1} and w ∈ K.

Proof. By the construction of the sketch, we have At − At−1 = S>t St − S>t−1St−1 =

ĝtĝ
>
t − ρtV >t Vt � ĝtĝ>t . It follows immediately that RD in Eq. (4.3) is again at most

4(CL)2
∑T

t=1 ηt. For the term RG, we will apply the following guarantee of Frequent

Directions (see the proof of Theorem 1.1 of [46]):
∑T

t=1 ρt ≤
Ωk
m−k . Specifically, since
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tr(VtA
−1
t V >t ) ≤ 1

α
tr(VtV

>
t ) = m

α
we have

RG =
T∑
t=1

1

σt + ηt

〈
A−1
t , At − At−1 + ρtV

>
t Vt

〉
≤ 1

σ + ηT

T∑
t=1

(〈
A−1
t , At − At−1 + ρtV

>
t Vt

〉)
=

1

σ + ηT

T∑
t=1

(〈
A−1
t , At − At−1

〉
+ ρttr(VtA

−1
t V >t )

)
≤ 1

(σ + ηT )

T∑
t=1

〈
A−1
t , At − At−1

〉
+

mΩk

(m− k)(σ + ηT )α
.

Finally for the term
∑T

t=1

〈
A−1
t , At − At−1

〉
, we proceed similarly to the proof of

Theorem 16:

T∑
t=1

〈
A−1
t , At − At−1

〉
≤

T∑
t=1

ln
|At|
|At−1|

= ln
|AT |
|A0|

=
d∑
i=1

ln

(
1 +

λi(S
>
T ST )

α

)
=

m∑
i=1

ln

(
1 +

λi(S
>
T ST )

α

)
≤ m ln

(
1 +

tr(S>T ST )

mα

)

where the first inequality is by the concavity of the function ln |X|, the second one

is by Jensen’s inequality, and the last equality is by the fact that S>T ST is of rank m

and thus λi(S
>
T ST ) = 0 for any i > m. This concludes the proof.

If σt ≥ σ > 0, setting ηt = 0 gives the bound

α ‖w‖2
2 +

m

σ
ln

(
1 +

tr(S>T ST )

mα

)
+

mΩk

(m− k)σα
.

Instead of the rank, the bound depends on the spectral decay Ωk. With α tuned

well, we pay logarithmic regret for the top m eigenvectors, just as Theorem 16 (4.5),

but a square root regret for remaining directions not controlled by our sketch. This

is expected for deterministic sketching which focuses on the dominant part of the

spectrum. When α is not tuned we still get sublinear regret as long as Ωk is sublinear.
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Algorithm 14 Oja’s Sketch for Oja-SON

Internal States: t, Λ, V and H.

SketchInit(α,m)
1: Set t = 0,Λ = 0m×m, H = 1

α
Im and let V be any m × d matrix whose rows are

orthonormal.
2: Return (0m×d, H).

SketchUpdate(ĝ)
1: Update t← t+ 1, Λ← (Im− Γt)Λ + Γt diag{V ĝ}2 and V ← V + ΓtV ĝĝ

> where
Γt is a diagonal matrix with learning rates on the diagonal.

2: Orthonormalize the rows of V , set S = (tΛ)
1
2V and H =

diag
{

1
α+tΛ1,1

, · · · , 1
α+tΛm,m

}
.

3: Return (S,H).

If the rank of GT is smaller than m, then Ωm−1 = 0 and thus the sketch does not

bring any extra regret.

4.4.3 Oja’s Algorithm

Oja’s algorithm [85, 86] is not usually considered a sketching algorithm but seems

natural here. Oja’s algorithm uses online gradient descent to find the eigenvectors

and eigenvalues of data in a streaming fashion, with the to-sketch vector ĝt’s as the

input. Specifically, let Vt ∈ Rm×d denote the estimated eigenvectors and the diagonal

matrix Λt ∈ Rm×m contain the estimated eigenvalues at the end of round t. Oja’s

algorithm updates as:

Λt = (Im − Γt)Λt−1 + Γt diag{Vt−1ĝt}2

Vt
orth←−− Vt−1 + ΓtVt−1ĝtĝ

>
t

where Γt ∈ Rm×m is a diagonal matrix with (possibly different) learning rates of

order Θ(1/t) on the diagonal, and the “
orth←−−” operator represents an orthonormalizing

step.13 The sketch is then St = (tΛt)
1
2Vt. The rows of St are orthogonal and thus

13For simplicity, we assume that Vt−1 + ΓtVt−1ĝtĝ
>
t is always of full rank so that the orthonor-

malizing step does not reduce the dimension of Vt.
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Ht is an efficiently maintainable diagonal matrix (see Algorithm 14). We call the

combination of SON with Oja’s sketch Oja-SON.

The time complexity of Oja’s is O(m2d) per round due to the orthonormalizing

step. To improve the running time to O(md), one can only update the sketch every m

rounds (similar to the block power method [50, 68]). The regret guarantee of this al-

gorithm is unclear since existing analysis for Oja’s algorithm is only for the stochastic

setting (see e.g. [8, 68]). However, Oja’s provides good performance experimentally.

4.5 Sparse Implementation

In many text applications data vectors (and hence gradients) are sparse in the sense

that ‖xt‖0 ≤ s for all t and some small constant s � d. Most online first-order

methods enjoy a per-example running time depending on s in such settings. Achieving

the same for second order methods is more difficult since A−1
t gt (or sketched versions)

are typically dense even if gt is sparse. Below, we show how to implement updates

for each of the three algorithms we propose in a sparsity-dependent time. Note that

mathematically these updates are equivalent to the non-sparse counterparts so regret

guarantees are unchanged.

4.5.1 Sparse RP-SON

We recall the updates of RP sketch matrices. Since ĝt is sparse, St = St−1 + rĝ>t is

easily updated in O(ms) time. Ht can also be updated in O(m2 + ms) time clearly.

However, since the sketch St is getting denser and denser, direct update of the weight

vector is a dense operation too. The solution is to represent and store wt in the

form of w̄t + S>t−1bt for some w̄t ∈ Rd and bt ∈ Rm. Note that now computing the
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Algorithm 15 Sparse Sketched Online Newton with Random Projection

Input: Parameters C, α and m.
1: Initialize ū = 0d×1, b = 0m×1 and (S,H)← SketchInit(α,m) (Algorithm 12).
2: for t = 1 to T do
3: Receive example xt.

4: Projection step: compute x̂ = Sxt, c = τC(ū>xt+b>x̂)

x>t xt−x̂>Hx̂
, w̄ = ū − cxt and

b← b+ cHx̂.
5: Predict label yt = w̄>xt + b>x̂ and suffer loss `t(yt).
6: Compute gradient gt = `′t(yt)xt and the to-sketch vector ĝ =

√
σt + ηtgt.

7: (S,H)← SketchUpdate(ĝ) (Algorithm 12).
8: Update ū = w̄ − (r>b)ĝ − 1

α
gt and b← b+ 1

α
HSgt.

9: end for

prediction w>t xt needs O(ms) time. Rewriting the update rules we have

ut+1 = wt −
1

α
gt +

1

α
S>t HtStgt = w̄t + S>t−1bt −

1

α
gt +

1

α
S>t HtStgt

= w̄t − ĝtr>t bt −
1

α
gt︸ ︷︷ ︸

def
= ūt+1

+S>t (bt +
1

α
HtStgt︸ ︷︷ ︸

def
= b′t+1

) .

Since gt and ĝt are sparse, computing ūt+1 and b′t+1 needs O(m2 +ms) time. Finally,

for the projection step, ct can clearly be computed in O(m2 + ms) time, and the

update rule of w̄t+1 and bt+1 is thus derived as follows:

wt+1 = ut+1 − ct(xt+1 − S>t HtStxt+1)

= ūt+1 + S>t b
′
t+1 − ct(xt+1 − S>t HtStxt+1)

= ūt+1 − ctxt+1︸ ︷︷ ︸
def
= w̄t+1

+S>t (b′t+1 + ctHtStxt+1︸ ︷︷ ︸
def
= bt+1

)

which again takes O(m2 + ms) time. Taken together, the total time complexity per

round is O(m2 +ms). The pseudocode for this version of the algorithm is presented

in Algorithm 15.
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4.5.2 Sparse FD-SON

The sparse version of our algorithm with the Frequent Directions option is much

more involved. We begin by taking a detour and introducing a fast and epoch-

based variant of the Frequent Directions algorithm proposed in [46]. The idea is

the following: instead of doing an eigendecomposition immediately after inserting a

new ĝ every round, we double the size of the sketch (to 2m), keep up to m recent

ĝ’s, do the decomposition only at the end of every m rounds and finally keep the

top m eigenvectors with shrunk eigenvalues. The advantage of this variant is that

it can be implemented straightforwardly in O(md) time on average without doing

a complicated rank-one SVD update, while still ensuring the exact same guarantee

with the only price of doubling the sketch size.

Algorithm 16 shows the details of this variant and how we maintain H. The

sketch S is always represented by two parts: the top part (DV ) comes from the last

eigendecomposition, and the bottom part (G) collects the recent to-sketch vector ĝ’s.

Note that within each epoch, the update of H−1 is a rank-two update and thus H can

be updated similarly to the case of random projection (Lines 3 and 4 of Algorithm 16).

Although we can use any available algorithm that runs in O(m2d) time to do the

eigendecomposition (Line 7 in Algorithm 16), we explicitly write down the procedure

of reducing this problem to eigendecomposing a small square matrix in Algorithm 17,

which will be important for deriving the sparse version of the algorithm. Lemma 12

proves that Algorithm 17 works correctly for finding the top m eigenvector and eigen-

values.

Lemma 12. The outputs of Algorithm 17 are such that the i-th row of V ′ and the i-th

entry of the diagonal of Σ are the i-th eigenvector and eigenvalue of S>S respectively.

Proof. Let W> ∈ Rd×(d−m−r) be an orthonormal basis of the null space of

 V

Q

.

By Line 2, we know that GW> = 0 and E = (V > Q> W>) forms an orthonormal
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Algorithm 16 Frequent Direction Sketch (epoch version)

Internal States: τ,D, V,G and H.

SketchInit(α,m)
1: Set τ = 1, D = 0m×m, G = 0m×d, H = 1

α
I2m and let V be any m×d matrix whose

rows are orthonormal.
2: Return (02m×d, H).

SketchUpdate(ĝ)
1: Insert ĝ into the τ -th row of G.
2: if τ < m then
3: Let e be the 2m×1 basic vector whose (m+τ)-th entry is 1 and q = Sĝ− ĝ>ĝ

2
e.

4: Update H ← H − Hqe>H
1+e>Hq

and H ← H − Heq>H
1+q>He

.
5: Update τ ← τ + 1.
6: else

7: (V,Σ)← ComputeEigenSystem

((
DV
G

))
(Algorithm 17).

8: Set D to be a diagonal matrix with Di,i =
√

Σi,i − Σm,m, ∀i ∈ [m].

9: Set H ← diag
{

1
α+D2

1,1
, · · · , 1

α+D2
m,m

, 1
α
, . . . , 1

α

}
.

10: Set G = 0m×d.
11: Set τ = 1.
12: end if

13: Return

((
DV
G

)
, H

)
.

basis of Rd. Therefore, we have

S>S = V >D2V +G>G

= E


D2 0 0

0 0 0

0 0 0

E> + EE>G>GEE>

= E




D2 0 0

0 0 0

0 0 0

+


V G>

QG>

WG>

 (GV > GQ> GW>)

E>

= (V > Q>)


 D2 0

0 0

+

 M>

L>

( M L

)
︸ ︷︷ ︸

=C

 V

Q


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Algorithm 17 ComputeEigenSystem(S)

Input: S =

(
DV
G

)
.

Output: Output V ′ ∈ Rm×d and diagonal matrix Σ ∈ Rm×m such that the i-th
row of V ′ and the i-th entry of the diagonal of Σ are the i-th eigenvector and
eigenvalue of S>S respectively.

1: Compute M = GV >.
2: Decompose G−MV into the form LQ where L ∈ Rm×r, Q is a r×d matrix whose

rows are orthonormal and r is the rank of G −MV (e.g. by a Gram-Schmidt
process).

3: Compute the top m eigenvectors (U ∈ Rm×(m+r)) and eigenvalues (Σ ∈ Rm×m) of

the matrix

(
D2 0m×r

0r×m 0r×r

)
+

(
M>

L>

)(
M L

)
.

4: Return (V ′,Σ) where V ′ = U

(
V
Q

)
.

where in the last step we use the fact GQ> = (MV + LQ)Q> = L. Now it is clear

that the eigenvalue of C will be the eigenvalue of S>S and the eigenvector of C will

be the eigenvector of S>S after left multiplied by matrix (V > Q>), completing the

proof.

We are now ready to present the sparse version of SON with Frequent Direction

sketch (Algorithm 18). The key point is that we represent Vt as FtZt for some Ft ∈

Rm×m and Zt ∈ Rm×d, and the weight vector wt as w̄t + Z>t−1bt and ensure that

the update of Zt and w̄t will always be sparse. To see this, denote the sketch St by DtFtZt

Gt

 and let Ht,1 and Ht,2 be the top and bottom half of Ht. Now the update
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rule of ut+1 can be rewritten as

ut+1 = wt −
(
Id − S>t HtSt

)
gt
α

= w̄t + Z>t−1bt −
1

α
gt +

1

α
(Z>t F

>
t Dt, G

>
t )

 Ht,1Stgt

Ht,2Stgt


= w̄t +

1

α
(G>t Ht,2Stgt − gt)− (Zt − Zt−1)>bt︸ ︷︷ ︸

ūt+1

+Z>t (bt +
1

α
F>t DtHt,1Stgt)︸ ︷︷ ︸

b′t+1

We will show that Zt−Zt−1 = ∆tGt for some ∆t ∈ Rm×m shortly, and thus the above

update is efficient due to the fact that the rows of Gt are collections of previous sparse

vectors ĝ.

Similarly, the update of wt+1 can be written as

wt+1 = ut+1 − ct(xt+1 − S>t HtStxt+1)

= ūt+1 + Z>t b
′
t+1 − ctxt+1 + ct(Z

>
t F

>
t Dt, G

>
t )

 Ht,1Stxt+1

Ht,2Stxt+1


= ūt+1 + ct(G

>
t Ht,2Stxt+1 − xt+1)︸ ︷︷ ︸

w̄t+1

+Z>t (b′t+1 + ctF
>
t DtHt,1Stxt+1)︸ ︷︷ ︸
bt+1

.

It is clear that ct can be computed efficiently, and thus the update of wt+1 is also

efficient. These updates correspond to Line 6 and 10 of Algorithm 18.

It remains to perform the sketch update efficiently. Algorithm 19 is the sparse

version of Algorithm 16. The challenging part is to compute eigenvectors and eigen-

values efficiently. Fortunately, in light of Algorithm 17, using the new representation

V = FZ one can directly translate the process to Algorithm 20, and find that the

eigenvectors can be expressed in the form N1Z + N2G. The only tricky part is the

decomposing step (Line 2 of Algorithm 20). Essentially, this step requires finding L

and Q such that LQR = PR and the rows of QR are orthonormal, where in this case
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Algorithm 18 Sparse Sketched Online Newton with Frequent Directions

Input: Parameters C, α and m.
1: Initialize ū = 0d×1, b = 0m×1 and (D,F, Z,G,H) ← SketchInit(α,m) (Algo-

rithm 19).

2: Let S denote the matrix

(
DFZ
G

)
throughout the algorithm (without actually

computing it).

3: Let H1 and H2 denote the upper and lower half of H, i.e. H =

(
H1

H2

)
.

4: for t = 1 to T do
5: Receive example xt.

6: Projection step: compute x̂ = Sxt and c = τC(ū>xt+b>Zxt)

x>t xt−x̂>Hx̂
, update w̄ =

ū+ c(G>H2x̂− xt) and b← b+ cF>DH1x̂.
7: Predict label yt = w̄>xt + b>Zxt and suffer loss `t(yt).
8: Compute gradient gt = `′t(yt)xt and the to-sketch vector ĝ =

√
σt + ηtgt.

9: (D,F, Z,G,H,∆)← SketchUpdate(ĝ) (Algorithm 19).
10: Update ū = w̄ + 1

α
(G>H2Sg − g)−G>∆>b and b← b+ 1

α
F>DH1Sg.

11: end for

P =

(
−MF Im

)
and R is

 Z

G

. This can in fact be achieved by performing

the Gram-Schmidt process to P in a Banach space where inner product is defined as

〈a, b〉 = a>Kb with K = RR> being the Gram matrix of R. Since we can efficiently

maintain the Gram matrix of Z (see Line 10 of Algorithm 19) and thus R, this de-

composing step can be done efficiently too. The modified Gram-Schmidt algorithm

is presented in Algorithm 21 (which will also be used in sparse Oja’s sketch), where

Line 4 is the key difference compared to standard Gram-Schmidt.

Lastly, having the eigenvectors in the form N1Z +N2G, we can simply update F

as N1 and Z as Z + N−1
1 N2G so that the invariant V = FZ still holds. The update

of Z is sparse since G is sparse.

We finally summarize the results of this section in the following theorem.

Theorem 19. The average running time of Algorithm 18 is O
(
m2 +ms

)
per round,

and the regret bound is exactly the same as the one stated in Theorem 18.
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Algorithm 19 Sparse Frequent Direction Sketch

Internal States: τ,D, F, Z,G,H and K.

SketchInit(α,m)
1: Set τ = 1, D = 0m×m, F = K = Im, H = 1

α
I2m, G = 0m×d, and let Z be any

m× d matrix whose rows are orthonormal.
2: Return (D,F, Z,G,H).

SketchUpdate(ĝ)
1: Insert ĝ into the τ -th row of G.
2: if τ < m then
3: Let e be the 2m × 1 basic vector whose (m + τ)-th entry is 1 and compute

q = Sĝ − ĝ>ĝ
2
e.

4: Update H ← H − Hqe>H
1+e>Hq

and H ← H − Heq>H
1+q>He

.
5: Set ∆ = 0m×m.
6: Set τ ← τ + 1.
7: else

8: (N1, N2,Σ) ← ComputeSparseEigenSystem

((
DFZ
G

)
, K

)
(Algo-

rithm 20).
9: Compute ∆ = N−1

1 N2.
10: Update Gram matrix K ← K + ∆GZ> + ZG>∆> + ∆GG>∆>.
11: Update F = N1, Z ← Z + ∆G, and let D be such that Di,i =√

Σi,i − Σm,m, ∀i ∈ [m].

12: Set H ← diag
{

1
α+D2

1,1
, · · · , 1

α+D2
m,m

, 1
α
, . . . , 1

α

}
.

13: Set G = 0m×d.
14: Set τ = 1.
15: end if
16: Return (D,F, Z,G,H,∆).

4.5.3 Sparse Oja-SON

We finally provide the details for the sparse version of Oja-SON, which runs in O(m3+

ms) time. There are two ingredients to doing this:

1. The eigenvectors Vt are represented as Vt = FtZt, where Zt ∈ Rm×d is a sparsely

updatable direction and Ft ∈ Rm×m is a matrix such that FtZt is orthonormal.

2. The weights wt are again split as w̄t + Z>t−1bt where bt ∈ Rm maintains the

weights on the subspace captured by Vt−1 (which is same as Zt−1). w̄t captures
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Algorithm 20 ComputeSparseEigenSystem(S,K)

Input: S =

(
DFZ
G

)
and Gram matrix K = ZZ>.

Output: Output N1, N2 ∈ Rm×m and diagonal matrix Σ ∈ Rm×m such that the i-th
row of N1Z+N2G and the i-th entry of the diagonal of Σ are the i-th eigenvector
and eigenvalue of the matrix S>S.

1: Compute M = GZ>F>.

2: (L,Q)← Decompose

((
−MF Im

)
,

(
K ZG>

GZ> GG>

))
(Algorithm 21).

3: Let r be the number of columns of L. Compute the top m eigenvectors

(U ∈ Rm×(m+r)) and eigenvalues (Σ ∈ Rm×m) of the matrix

(
D2 0m×r

0r×m 0r×r

)
+(

M>

L>

)(
M L

)
.

4: Set N1 = U1F + U2Q1 and N2 = U2Q2 where U1 and U2 are the first m and
last r columns of U respectively, and Q1 and Q2 are the left and right half of Q
respectively.

5: Return (N1, N2,Σ).

Algorithm 21 Decompose(P, K)

Input: P ∈ Rm×n, K ∈ Rm×m such that K is the Gram matrix K = RR> for some
matrix R ∈ Rn×d where n ≥ m, d ≥ m,

Output: Output L ∈ Rm×r and Q ∈ Rr×n such that LQR = PR where r is the rank
of PR and the rows of QR are orthonormal.

1: Initialize L = 0m×m and Q = 0m×n.
2: for i = 1 to m do
3: Let p> be the i-th row of P .
4: Compute α = QKp,β = p−Q>α and c =

√
β>Kβ.

5: if c 6= 0 then
6: Insert 1

c
β> to the i-th row of Q.

7: end if
8: Set the i-th entry of α to be c and insert α to the i-th row of L.
9: end for

10: Delete the all-zero columns of L and all-zero rows of Q.
11: Return (L,Q).

the residual weights on the complementary subspace which are again updated

sparsely.
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Note that the Oja’s updates can now be written in terms of F and Z as

Λt = (Im − Γt)Λt−1 + Γt diag{Ft−1Zt−1ĝt}2

FtZt
orth←−− Ft−1Zt−1 + ΓtFt−1Zt−1ĝtĝ

>
t = Ft−1(Zt−1 + F−1

t−1ΓtFt−1Zt−1ĝtĝ
>
t ) .

(4.6)

Here, the update for the eigenvalues is straightforward. For the update of eigenvectors,

first we let Zt = Zt−1 + δtĝ
>
t where δt = F−1

t−1ΓtFt−1Zt−1ĝt (note that under the

assumption of Footnote 13, Ft is always invertible). Finally it remains to update Ft

so that FtZt is the same as orthonormalizing Ft−1Zt, which can in fact be achieved by

applying the Gram-Schmidt algorithm to Ft−1 in a Banach space where inner product

is defined as 〈a, b〉 = a>Ktb where Kt is the Gram matrix ZtZ
>
t (see Algorithm 21).

Since we can maintain Kt efficiently based on the update of Zt:

Kt = Kt−1 + δtĝ
>
t Z
>
t−1 + Zt−1ĝtδ

>
t + (ĝ>t ĝt)δtδ

>
t ,

the update of Ft can therefore be implemented in O(m3) time.

Next we describe the sparse updates for w̄t and bt. Since St = (tΛt)
1
2Vt we have

ut+1 = wt −
(
Id − S>t HtSt

)
gt
α

= w̄t − gt
α
− (Zt − Zt−1)>bt︸ ︷︷ ︸

def
= ūt+1

+Z>t (bt + 1
α
F>t (tΛtHt)FtZtgt︸ ︷︷ ︸

def
= b′t+1

) .

Zt − Zt−1 is sparse by construction, as is gt, implying the update scales with s, not

d. Using the update for wt+1 in terms of ut+1, we have

wt+1 = ut+1 − ct(xt+1 − S>t HtStxt+1)

= ūt+1 − ctxt+1︸ ︷︷ ︸
def
= w̄t+1

+Z>t (b′t+1 + ctF
>
t (tΛtHt)FtZtxt+1︸ ︷︷ ︸

def
= bt+1

) .
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Algorithm 22 Sparse Sketched Online Newton

Input: Parameters C, α and m.
1: Initialize ū = 0d×1 and b = 0m×1.
2: (Λ, F, Z,H)← SketchInit(α,m) (Algorithm 23).
3: for t = 1 to T do
4: Receive example xt.

5: Projection step: compute x̂ = FZxt and c = τC(ū>xt+b>Zxt)

x>t xt−(t−1)x̂>ΛHx̂
. Obtain

w̄ = ū− cxt and b← b+ c(t− 1)F>ΛHx̂.
6: Predict label yt = w̄>xt + b>Zxt and suffer loss `t(yt).
7: Compute gradient gt = `′t(yt)xt and the to-sketch vector ĝ =

√
σt + ηtgt.

8: (Λ, F , Z, H, δ) ← SketchUpdate(ĝ) (Algorithm 23).
9: Update weight: ū = w̄ − 1

α
gt − (δ>b)ĝ and b← b+ 1

α
tF>ΛHFZgt.

10: end for

Algorithm 23 Sparse Oja’s Sketch

Internal States: t, Λ, F , Z, H and K.

SketchInit(α,m)
1: Set t = 0,Λ = 0m×m, F = K = Im, H = 1

α
Im and let Z be any m × d matrix

whose rows are orthonormal.
2: Return (Λ, F , Z, H).

SketchUpdate(ĝ)
1: Update t← t+ 1 and pick a diagonal learning rate matrix Γt.
2: Update Λ← (I − Γt)Λ + Γt diag{FZĝ}2.
3: Compute δ = A−1ΓtFZĝ.
4: Update K ← K + δĝ>Z> + Zĝδ> + (ĝ>ĝ)δδ>.
5: Update Z ← Z + δĝ>.
6: (L,Q) ← Decompose(F,K) (Algorithm 21), so that LQZ = FZ and QZ is

orthogonal. Set F = Q.

7: Set H ← diag
{

1
α+tΛ1,1

, · · · , 1
α+tΛm,m

}
.

8: Return (Λ, F , Z, H, δ).

ct and Ztxt+1 can both be computed in time O(m2 +ms). All the other computations

scale with m and not d, so both w̄t+1 and bt+1 require only O(m2 +ms) time to main-

tain. Furthermore, the prediction w>t xt = w̄>t xt + b>t Zt−1xt can also be computed

in O(ms) time since xt is sparse.

The pseudocode is presented in Algorithms 22 and 23. This is the first sparse

implementation of online eigenvector computation to the best of our knowledge.
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Figure 4.1: Oja’s algorithm’s eigenvalue recovery error

4.6 Experiments

Preliminary experiments revealed that out of our three sketching options, Oja’s sketch

has the best empirical performance. For more thorough evaluation, we implemented

the sparse version of Oja-SON in the open source toolkit Vowpal Wabbit. We compare

it with AdaGrad [33, 80] on both synthetic and real-world datasets. Each algorithm

takes a stepsize parameter: 1
α

serves as a stepsize for Oja-SON and a scaling constant

on the gradient matrix for AdaGrad. We try both the methods with the parameters

set to 2j for j = −3,−2, . . . , 6 and report the best results. We keep the learning rate

matrix for eigenvalues in Oja-SON fixed as Γt = 1
t
Im throughout. All methods make

one online pass over data.

4.6.1 Synthetic Datasets

To investigate Oja-SON’s performance in the setting it is really designed for, we gen-

erated a range of synthetic ill-conditioned datasets as follows. We picked a random

Gaussian matrix Z ∼ RT×d (T = 10,000 and d = 100) and a random orthonormal

basis V ∈ Rd×d. We chose a specific spectrum λ ∈ Rd where the first d− 10 coordi-

nates are 1 and the rest increase linearly to some fixed condition number parameter

κ. We let X = Zdiag{λ}
1
2 V > be our example matrix, and created a binary classi-

fication problem with labels y = sign(θ>x), where θ ∈ Rd is a random vector. We
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Figure 4.2: Error rate of Oja-SON compared with AdaGrad on a synthetic ill-
conditioned problem

generated 20 such datasets with the same Z, V and labels y but different values of

κ ∈ {10, 20, . . . , 200}. Note that if the algorithm is truly invariant, it would have the

same behavior on these 20 datasets.

Fig. 4.2 shows the final progressive error rate for AdaGrad and Oja-SON (with

sketch size m = 0, 5, 10) as the condition number increases. As expected, the plot

confirms the performance of first-order methods such as AdaGrad degrades when

the data is ill-conditioned. The plot also shows that as we increase the sketch size,

Oja-SON becomes more accurate: when m = 0 (no sketch at all), Oja-SON is vanilla

gradient descent and is worse than AdaGrad as expected; when m = 5, the accuracy

greatly improves; and finally when m = 10, the accuracy of Oja-SON is substantially

better and hardly worsens with κ.

To further explain the effectiveness of Oja’s algorithm in identifying top eigenval-

ues and eigenvectors, the plot in Fig. 4.1 shows the largest relative difference between

the true and estimated top 10 eigenvalues as Oja’s algorithm sees more data. This

gap drops quickly after seeing just 500 examples.
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Figure 4.3: Comparisons of Oja-SON with different sketch sizes and AdaGrad on
real data.

4.6.2 Real-world Datasets

Next we evaluated Oja-SON on 23 benchmark datasets from the UCI and LIBSVM

repository (see Appendix D for description of these datasets). In Fig. 4.3a, we show

the effect of using sketched second order information, by comparing sketch size m = 0

and m = 10 for Oja-SON (concrete error rates are in Appendix D). We observe

significant improvements in 5 datasets (acoustic, census, heart, ionosphere, letter),

demonstrating the advantage of using second order information.

However, we found that Oja-SON was outperformed by AdaGrad on most

datasets, mostly because the diagonal adaptation of AdaGrad greatly reduces the

condition number on these datasets. Moreover, one disadvantage of SON is that

for the directions not in the sketch, it is essentially doing vanilla gradient descent.

We expect better results using diagonal adaptation as in AdaGrad in off-sketch

directions.

To incorporate this high level idea, we performed a simple modification to Oja-

SON: upon seeing example xt, we feed D
− 1

2
t xt to our algorithm instead of xt, where

Dt ∈ Rd×d is the diagonal part of the matrix
∑t−1

τ=1 gτg
>
τ .14 With this modification,

14D1 is defined as 0.1× Id to avoid division by zero.
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Table 4.1: Largest relative error between true and estimated eigenvalues

Dataset Relative eigenvalue difference

a9a 0.896533
australian 0.846063

breast-cancer 5.383578
diabetes 5.128097

heart 4.360492
ijcnn1 0.569727

magic04 11.479917
mushrooms 0.910814

splice 8.226752
w8a 0.954262

Oja-SON outperforms AdaGrad on most of the datasets even for m = 0, as shown

in Fig. 4.3b (concrete error rates are again in Appendix D). The improvement on

AdaGrad at m = 0 is surprising but not impossible as the updates are not identical–

the latter is scale invariant like Ross et al. [94]. However, the diagonal adaptation

already greatly reduces the condition number on all datasets except splice,15 so little

improvement is seen for sketch size m = 10 over m = 0. For several of the datasets,

we verified the accuracy of Oja’s method in computing the top-10 eigenvalues (see

Table 4.1), suggesting that the lack of difference between sketch sizes is solely due to

the lack of second order information after the diagonal correction.

The average running time of our algorithm when m = 10 is about 11 times slower

than AdaGrad, matching expectations. Overall, SON can significantly outperform

baselines on ill-conditioned data, while maintaining a practical computational com-

plexity.

In summary, we have studied both the theoretical and empirical properties of

sketched second order updates for online learning. In theory, RP-SON has very

attractive properties of invariant updates and strong regret bounds, although it is

15For this dataset, the condition number before and after the diagonal adaptation are 682 and
668 respectively, and a large improvement is seen with m = 10.
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found empirically lacking possibly due to the dependence on the rank of the gradient

matrix. Oja-SON has promising empirical performance, and it would be interesting

to investigate if other online PCA methods can get us the best on both the fronts

in future work. It would be also desirable to automatically adapt the sketch size to

further reduce the complexity overhead for well-conditioned data, while incorporating

second-order information when that is helpful.

4.7 Conclusion and Future Directions

In this chapter, we studied both the theoretical and empirical properties of sketched

second order updates for online learning. Starting from a novel invariant setup,

we showed what the optimal but expensive algorithm is for this setting. Then by

applying different sketching methods, we improved the efficiency of this algorithm

and obtained linear time algorithms with provable regret guarantees. Moreover, we

further improved the running time to be linear in the sparsity of the data, which

is very important for applications with high dimensional sparse data. We note that

our contribution of sparse sketch update might be of independent interest even before

combining with the learning algorithm. Empirically, we found that Oja-SON has very

promising performance compared to previous work.

For future directions, it would be desirable to incorporate more adaptivity to our

algorithms. For example, can we allow the algorithm to automatically adapt the

sketch size based on the data instead of fixing it in advance? Can we also allow the

algorithm to automatically turn the parameters so that it achieves optimal regret

bounds for both convex and strongly convex losses simultaneously?
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Appendix A

Omitted Details of Chapter 2

A.1 Proof of Lemma 2

Proof. Let F (s) = exp
(

[s−1]2−
dt

)
+ exp

(
[s+1]2−
dt

)
− 2 exp

(
[s]2−
d(t−1)

)
. It suffices to show

F (s) ≤ 2(bt − bt−1) = exp

(
4

dt

)
− 1,

which is clearly true for the following 3 cases:

F (s) =


0 if s > 1;

exp
(

(s−1)2

dt

)
− 1 < exp

(
1
dt

)
− 1 if 0 < s ≤ 1;

exp
(

(s−1)2

dt

)
+ 1− 2 exp

(
s2

d(t−1)

)
< exp

(
4
dt

)
− 1 if −1 < s ≤ 0.

For the last case s ≤ −1, if we can show that F (s) is increasing in this region, then the

lemma follows. Below, we show this by proving F ′(s) is nonnegative when s ≤ −1.

Let h(s, c) =
∂ exp(s2/c)

∂s
= 2s

c
exp

(
s2

c

)
. F ′(s) can now be written as

F ′(s) = h(s− 1, c) + h(s+ 1, c)− 2h(s, c) + 2(h(s, c)− h(s, c′)),

131



where c = dt and c′ = d(t − 1). Next we apply (one-dimensional) Taylor expansion

to h(s− 1, c) and h(s+ 1, c) around s, and h(s, c′) around c, leading to

F ′(s) =
∞∑
k=1

(−1)k

k!

∂kh(s, c)

∂sk
+
∞∑
k=1

1

k!

∂kh(s, c)

∂sk
− 2

∞∑
k=1

(c′ − c)k

k!

∂kh(s, c)

∂ck

= 2
∞∑
k=1

(
1

(2k)!

∂2kh(s, c)

∂s2k
− (−d)k

k!

∂kh(s, c)

∂ck

)
.

Direct computation (see Lemma 13 below) shows that ∂kh(s,c)
∂ck

and ∂2kh(s,c)
∂s2k

share exact

same forms only with different constants:

∂kh(s, c)

∂ck
= exp

(
s2

c

) k∑
j=0

(−1)kαk,j ·
s2j+1

ck+j+1
,

∂2kh(s, c)

∂s2k
= exp

(
s2

c

) k∑
j=0

βk,j ·
s2j+1

ck+j+1
,

(A.1)

where αk,j and βk,j are recursively defined as:

αk+1,j = αk,j−1 + (k + j + 1)αk,j,

βk+1,j = 4βk,j−1 + (8j + 6)βk,j + (2j + 3)(2j + 2)βk,j+1,

(A.2)

with initial values α0,0 = β0,0 = 2 (when j 6∈ {0, . . . , k}, αk,j and βk,j are all defined

to be 0). Therefore, F ′(s) can be further simplified as

F ′(s) = 2 exp

(
s2

c

) ∞∑
k=1

k∑
j=0

s2j+1

ck+j+1

(
βk,j

(2k)!
− dkαk,j

k!

)
.

Since s is negative, it suffices to show that
βk,j
(2k)!
≤ dkαk,j

k!
holds for all k and j, which

turns out to be true as long as d ≥ 3, as shown by induction in the technical lemma

14 below. To sum up, Φt(s− 1) + Φt(s+ 1) ≤ 2Φt−1(s) for all s ∈ R and t = 2, . . . , T .

Finally, we need to show that Eq. (2) still holds. The inequality we just proved

above implies
∑

i Φt(st,i) ≤
∑

i Φt−1(st−1,i) for t = 2, . . . , T , as shown in Theorem
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2. Thus the only thing we need to show here is the case when t = 1. Note that

Φ1(s− 1) + Φ1(s+ 1) ≤ 2Φ0(s) does not hold for all s apparently. However, in order

to prove
∑

i Φ1(s1,i) ≤
∑

i Φ0(s0,i), we in fact only need a much weaker statement:

Φ1(−1) + Φ1(1) ≤ 2Φ0(0) since s0,i ≡ 0. This is equivalent to exp (1/d) − 1 ≤

exp (4/d)− 1, which is true trivially.

Lemma 13. Let h(s, c) = 2s
c

exp
(
s2

c

)
. The partial derivatives of h(s, c) satisfy Eq.

(A.1) and (A.2).

Proof. The base case holds trivially. Assume Eq. (A.1) holds for a fixed k. Then we

have

∂k+1h(s, c)

∂ck+1
= exp

(
s2

c

) k∑
j=0

(−1)kαk,j ·
(
−s

2

c2

s2j+1

ck+j+1
− (k + j + 1)

s2j+1

ck+j+2

)

= exp

(
s2

c

) k∑
j=0

(−1)k+1αk,j ·
(

s2(j+1)+1

c(k+1)+(j+1)+1
+ (k + j + 1)

s2j+1

c(k+1)+j+1

)

= exp

(
s2

c

) k+1∑
j=0

(−1)k+1 (αk,j−1 + (k + j + 1)αk,j) ·
s2j+1

c(k+1)+j+1

= exp

(
s2

c

) k+1∑
j=0

(−1)k+1αk+1,j ·
s2j+1

c(k+1)+j+1
,

and

∂2(k+1)h(s, c)

∂s2(k+1)
= ∂

[
exp

(
s2

c

) k∑
j=0

βk,j ·
(

2s2j+2

ck+j+2
+ (2j + 1)

s2j

ck+j+1

)]/
∂s

= exp

(
s2

c

) k∑
j=0

βk,j ·
(

4s2j+3

ck+j+3
+ (8j + 6)

s2j+1

ck+j+2
+ (2j + 1)2j

s2j−1

ck+j+1

)

= exp

(
s2

c

) k+1∑
j=0

(4βk,j−1 + (8j + 6)βk,j + (2j + 3)(2j + 2)βk,j+1) · s
2j+1

ck+j+2

= exp

(
s2

c

) k+1∑
j=0

βk+1,j ·
s2j+1

ck+j+2
,

concluding the proof.
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Lemma 14. Let αk,j and βk,j be defined as in Eq. (A.2). Then
βk,j
(2k)!
≤ dkαk,j

k!
holds

for all k ≥ 0 and j ∈ {0, . . . , k} when d ≥ 3.

Proof. We prove the lemma by induction on k. The base case k = 0 is trivial. Assume

βk,j
(2k)!
≤ dkαk,j

k!
holds for a fixed k and all j ∈ {0, . . . , k}, then we have ∀j,

βk+1,j

(2k + 2)!
=

4βk,j−1 + (8j + 6)βk,j + (2j + 3)(2j + 2)βk,j+1

(2k + 2)!

≤ dk (4αk,j−1 + (8j + 6)αk,j + (2j + 3)(2j + 2)αk,j+1)

(2k + 2)(2k + 1)k!
.

We need to show that the above expression is at most dk+1αk+1,j/(k + 1)!, which,

after arrangements, is equivalent to 2αk,j−1 + (4j + 3)αk,j + (2j + 3)(j + 1)αk,j+1 ≤

d(2k + 1)αk+1,j. We will prove this by another induction on k. Then the lemma

follows.

The base case (k = 0) is simplified to 6 ≤ 2d, which is true by our assumption

d ≥ 3. Assume the inequality holds for a fixed k, then by the definition of αk,j, one

has

2αk+1,j−1 + (4j + 3)αk+1,j + (2j + 3)(j + 1)αk+1,j+1

= (2αk,j−2 + (4j + 3)αk,j−1 + (2j + 3)(j + 1)αk,j) +

(2(k + j)αk,j−1 + (4j + 3)(k + j + 1)αk,j + (2j + 3)(j + 1)(k + j + 2)αk,j+1)

= (2αk,j−2 + (4j − 1)αk,j−1 + (2j + 1)jαk,j) +

(k + j + 2) (2αk,j−1 + (4j + 3)αk,j + (2j + 3)(j + 1)αk,j+1)

≤ d(2k + 1)(αk+1,j−1 + (k + j + 2)αk+1,j) (by induction)

= d(2k + 1)αk+2,j

≤ d(2k + 3)αk+2,j,

completing the induction.
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DGv2
Given: a loss function L(s) = 1{s ≤ −R}.
For t = 1, . . . , T :

1. The player chooses a distribution pt over N chips.

2. The adversary randomly decides the movement of each chip zt,i ≥ −1 subject
to Et[zt,i] ≤ 1,Et[z2

t,i] ≤ 1/pt,i and Et[pt · zt] ≥ 0.

The player suffers loss
∑N

i=1 L(
∑T

t=1 zt,i).

Figure A.1: Protocol for a drifting game variant DGv2

Algorithm 24 A General MAB Algorithm

Input: A convex, nonincreasing, nonnegative function ΦT (s) ∈ C2, with nonincreas-
ing second derivative.

1: for t = T to 1 do
2: Find a convex function Φt−1(s) s.t. the conditions of Theorem 20 hold.
3: end for
4: Set: s0 = 0.
5: for t = 1 to T do
6: Set: pt,i ∝ Φt(st−1,i − 1)− Φt(st−1,i + 1).
7: Draw it ∼ pt and receive loss `t,it .
8: Set: zt,i = 1{i = it} · `t,it/pt,it − `t,it , ∀i.
9: Set: st = st−1 + zt.

10: end for

A.2 A General MAB Algorithm and Regret

Bounds

This section includes the detailed protocol of DGv2 (Figure A.1), which we use to

model the MAB problem and obtain a general recipe Algorithm 24 and its analysis.

Theorem 20. Suppose Φt(s) is convex, twice continuously differentiable (i.e. Φt(s) ∈

C2), have nonincreasing second derivative, and satisfies:

(
1
2

+Nαt
)

Φt(s− 1) +
(

1
2
−Nαt

)
Φt(s+ 1) ≤ Φt−1(s),∀s ∈ R (A.3)
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where αt = 1
2

maxs
Φ′′t (s−1)

Φt(s−1)−Φt(s+1)
. If the player’s strategy is such that pt,i ∝ Φt(st−1,i−

1)− Φt(st−1,i + 1), then Eq. (2.2) holds in expectation.

Proof. As discussed before, the main difficulty here is the unboundedness of zt,i.

However, the expectation of zt,i is still in [−1, 1] as in DGv1. To exploit this fact, we

apply Taylor’s theorem to Φt(st−1,i + zt,i) to the second order term:

Φt(st,i) = Φt(st−1,i + zt,i)

= Φt(st−1,i) + Φ′t(st−1,i)zt,i + 1
2
Φ′′t (ξt,i)z

2
t,i

≤ Φt(st−1,i) + Φ′t(st−1,i)zt,i + 1
2
Φ′′t (st−1,i − 1)z2

t,i,

where ξt,i is between st−1,i + zt,i and st−1,i, and the inequality holds because Φ′′t (s) is

nonincreasing and zt,i ≥ −1 by assumption. Now taking expectation on both sides

with respect to the randomness of zt,i, using the convexity of Φt(s), and plugging the

assumption Et[z2
t,i] ≤ 1/pt,i give:

Et[Φt(st,i)] ≤ Φt(st−1,i) + Φ′t(st−1,i)Et[zt,i] + 1
2
Φ′′t (st−1,i − 1)Et[z2

t,i]

≤ Φt (st−1,i + Et[zt,i]) + 1
2
Φ′′t (st−1,i − 1)/pt,i.

Let wt,i = 1
2

(Φt(st−1,i − 1)− Φt(st−1,i + 1)). Further plugging pt,i ∝ wt,i and sum-

ming over all i, we arrive at

N∑
i=1

Et[Φt(st,i)] ≤
N∑
i=1

(
Φt (st−1,i + Et[zt,i]) +

Φ′′t (st−1,i − 1)

2wt,i
·
N∑
i=1

wt,i

)

≤
N∑
i=1

(
Φt (st−1,i + Et[zt,i]) + 2αt

N∑
i=1

wt,i

)
(by the defintion of αt)

=
N∑
i=1

(Φt (st−1,i + Et[zt,i]) + 2Nαtwt,i) .
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Since Et[pt · zt] ≥ 0 implies
∑N

i=1wt,iEt[zt,i] ≥ 0, we thus have

N∑
i=1

Et[Φt(st,i)] ≤
N∑
i=1

(Φt (st−1,i + Et[zt,i]) + wt,iEt[zt,i] + 2Nαtwt,i)

≤
N∑
i=1

(
max

z∈[−1,+1]
(Φt (st−1,i + z) + wt,iz) + 2Nαtwt,i

)

=
N∑
i=1

(
max

z∈{−1,+1}
(Φt (st−1,i + z) + wt,iz) + 2Nαtwt,i

)
(by the convexity of Φt(s))

=
N∑
i=1

((
1
2

+Nαt
)

Φt(st−1,i − 1) +
(

1
2
−Nαt

)
Φt(st−1,i + 1)

)
≤

N∑
i=1

Φt−1(st−1,i). (by assumption)

The theorem follows by taking expectation on both sides with respect to the past (i.e.

the randomness of z1, . . . ,zt−1).

Theorem 21. For Algorithm 24, if R and ε are such that Φ0(0) < ε and ΦT (s) ≥

1{s ≤ −R} for all s ∈ R, then E[
∑T

t=1 `t,it −
∑T

t=1 `t,iε ] < R for any non-oblivious

adversary. Moreover, using ΦT (s) = exp(−η(s + R)) (and let Eq. (A.3) hold with

equality) gives exactly the EXP3 algorithm with regret O(
√
TN ln(1/ε)).

Proof of Theorem 21. We first show that Algorithm 24 converts the multi-armed ban-

dit problem to a valid instance of DGv2. It suffices to prove that zt,i = 1{i =

it} · `t,it/pt,it − `t,it satisfies all conditions defined in DGv2, as shown below (zt,i ≥ −1

is trivial):

Et[zt,i] = `t,i − pt · `t ≤ 1,

Et[z2
t,i] = pt,i

(
`t,i
pt,i
− `t,i

)2

+
∑
j 6=i

pt,j`
2
t,j ≤ pt,i

(
1

pt,i
− 1

)2

+
∑
j 6=i

pt,j =
1

pt,i
− 1 ≤ 1

pt,i
,

Et[pt · zt] = Et

[
`t,it −

N∑
j=1

pt,j`t,it

]
= 0.
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Therefore, we can apply Theorem 20 directly, arriving at:

1

N

N∑
i=1

E[ΦT (sT,i)] ≤ · · · ≤
1

N

N∑
i=1

E[Φ0(s0,i)] = Φ0(0) ≤ ε.

On the other hand, by applying Jensen’ inequality, we have

E[ΦT (sT,i)] ≥ ΦT (E[sT,i]) ≥ 1{E[sT,i] ≤ −R}.

Note that E[sT,i] is equal to E
[∑T

t=1 (`t,i − `t,it)
]
. We thus know

1

N

N∑
i=1

1

{
E

[
T∑
t=1

(`t,i − `t,it)

]
≤ −R

}
< ε,

which implies E
[∑T

t=1 `t,it −
∑T

t=1 `t,iε

]
< R for any non-oblivious adversary for the

exact same argument used in the proof of Theorem 2.

Finally, we show how to recover EXP3 using Algorithm 24 with input ΦT (s) =

exp(−η(s+R)). To compute Φt(s) for t < T , we simply use Eq. (A.3) with equality.

One can verify using induction that

Φt(s) = exp (−η(s+R))

(
eη + e−η +Neηη2

2

)T−t
,

αt =
1

2
max
s

η2Φt(s− 1)

Φt(s− 1)− Φt(s+ 1)
=

eηη2

2(eη − e−η)
,

Φ′′′t (s) = −η3Φt(s) ≤ 0.

The player’s strategy is thus pt,i ∝ exp(−η
∑t−1

τ=1
ˆ̀
τ,i) (recall ˆ̀

t,i = 1{i = it} · `t,it/pt,it

is the estimated loss), which is exactly the same as EXP3 (in fact a simplified version

of the original EXP3, see for example [101]). Moreover, the regret can be computed
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DGv3
Given: a compact convex set K, a loss function L(s) = 1{s ≤ −R}.
For t = 1, . . . , T :

1. The player chooses a density function pt(w) on S.

2. The adversary decides a function zt(w) : S → [−1, 1] subject to
Ew∼pt [zt(w)] ≥ 0.

The player suffers loss
∫
w∈K L(

∑T
t=1 zt(w))dw.

Figure A.2: Protocol for a drifting game variant DGv3

by setting Φ0(0) = ε, leading to

R =
1

η
ln

(
1

ε

)
+
T

η
ln

(
eη + e−η

2
+

1

2
Neηη2

)
≤ 1

η
ln

(
1

ε

)
+
T

η
ln

(
eη

2/2 +
1

2
Neηη2

)
(by Hoeffding’s Lemma)

≤ 1

η
ln

(
1

ε

)
+
T

η

(
η2

2
+

1

2
Neη−

η2

2 η2

)
(ln(1 + x) ≤ x)

If η ≤ 1 so that eη−η
2/2 ≤

√
e, then we have R ≤ 1

η
ln(1

ε
) + Tη

(
1
2

+ N
√
e

2

)
, which is√

2T (1 +N
√
e) ln(1/ε) after optimally choosing η (η ≤ 1 will be satisfied when T is

large enough).

A.3 A General OCO Algorithm and Regret Bounds

This section includes the detailed protocol of DGv3 (Figure A.2), which we use to

model OCO and obtain a general recipe Algorithm 25 and its analysis.

Definition of ε-regret in the OCO setting: Let Kε ⊂ K be such that the

ratio of its volume and the one of K is ε and also
∑T

t=1 ft(w
′) ≤

∑T
t=1 ft(w) for all

w′ ∈ Sε and w ∈ S\Sε (it is clear that such set exists). Then ε-regret is defined as

Rε
T =

∑T
t=1 ft(wt)− infw∈K\Kε

∑T
t=1 ft(w).
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Algorithm 25 A General OCO Algorithm

Input: A convex, nonincreasing, nonnegative function ΦT (s)
1: for t = T to 1 do
2: Find a convex function Φt−1(s) s.t. ∀s, Φt(s− 1) + Φt(s+ 1) ≤ 2Φt−1(s).
3: end for
4: Set: s0(x) ≡ 0.
5: for t = 1 to T do
6: Predict wt = Ew∼pt [w] where pt is such that pt(w) ∝ Φt(st−1(w) − 1) −

Φt(st−1(w) + 1).
7: Receive loss function ft from the adversary.
8: Set: zt(w) = ft(w)− ft(wt).
9: Set: st(w) = st−1(w) + zt(w).

10: end for

Theorem 22. For Algorithm 25, if R is such that ΦT (s) ≥ 1{s ≤ −R} and Φ0(0) <

ε, then we have Rε
T < R and RT < R + Tε1/d. Specifically, if R = O(

√
T ln(1/ε)),

then setting ε = T−d gives RT = O(
√
dT lnT ).

Proof. Let ut(w) = 1
2

(Φt(st−1(w)− 1)− Φt(st−1(w) + 1)). Similarly to the expert

setting, the “sum” of potentials never increases:

∫
w∈K

Φt(st(w))dw ≤
∫
w∈K

(Φt(st−1(w) + zt(w)) + ut(w)zt(w)) dw

≤
∫
w∈K

Φt−1(st−1(w))dw.

Here, the first inequality is due to Ew∼pt [zt(w)] ≥ 0, and the second inequality holds

for the exact same reason as in the case for the expert problem. Therefore, we have

∫
w∈K

1{sT (w) ≤ −R}dw ≤
∫
w∈K

ΦT (sT (w))dw ≤ · · · ≤
∫
w∈K

Φ0(0)dw < εV,

where V is the volume of K. Recall the construction of Kε. There must exist a

point w′ ∈ Kε such that sT (w′) > −R, otherwise
∫
w

1{sT (w) ≤ −R}dw would be at

least εV . Unfolding sT (w′), we arrive at
∑

t ft(wt)−
∑

t ft(w
′) < R. Using the fact∑

t ft(w
′) ≤ infw∈K\Kε

∑
t ft(w) gives the bound for ε-regret.
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Next consider a shrunk version of K: K′ε = {(1 − ε 1
d )w∗ + ε

1
dw : w ∈ K} where

w∗ ∈ arg minw

∑
t ft(w). Then

∫
w∈K 1{sT (w) ≤ −R}dw is at least

∫
w∈K′ε

1{sT (w) ≤ −R}dw = ε

∫
w∈K

1
{
sT

(
(1− ε

1
d )w∗ + ε

1
dw
)
≤ −R

}
dw,

which, by the convexity and the boundedness of ft(w), is at least

ε

∫
w∈K

1

{
T∑
t=1

(
(1− ε

1
d )ft(w

∗) + ε
1
dft(w)− ft(wt)

)
≤ −R

}
dw

≥ ε

∫
w∈K

1

{
T∑
t=1

(ft(w
∗)− ft(wt)) ≤ −R− Tε

1
d

}
dw

= εV · 1

{
T∑
t=1

(ft(w
∗)− ft(wt)) ≤ −R− Tε

1
d

}
.

Following the previous discussion, the expression in the last line above is strictly less

than εV ·, which means that the value of the indicator function has to be 0, namely,

RT (w1:T , f1:T ) < R + Tε1/d.

A.4 Proof of Lemma 5

Proof. We prove the lemma by induction on T . The base case T = 1 is trivial.

Now assume the lemma is true for any number of v’s smaller than T . Suppose

aj, Uj = [sj, tj] (j = 1, . . . ,M) is an optimal construction. Let t∗ ∈ arg mint vt.

Without loss of generality assume t∗ belongs and only belongs to U1, . . . , Uk for some

k. By the definition of h, we must have

h({v1, . . . , vT}) = vt∗+h({v1−w1, . . . , vt∗−1−wt∗−1})+h({vt∗+1−wt∗+1, . . . , vT−wT}),

where we define wt =
∑k

j=1 aj1{t ∈ Uj} and h(∅) = 0 . (Note that we also use the fact

that vt∗ = mint vt so that vt − wt ≥ vt − vt∗ is always nonnegative as required.) Now
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the key idea is to show that “extending” each Uj (j ∈ [k]) to the entire time interval

[1, T ] does not increase the objective value in some sense. First consider extending

U1. By the inductive assumption, we have

h({v1 − w1 − a1, . . . , vs1−1 − ws1−1 − a1, vs1 − ws1 , . . . , vt∗−1 − wt∗−1}

= (v1 − w1 − a1) +

(
s1−1∑
t=2

[(vt − wt − a1)− (vt−1 − wt−1 − a1)]+

)

+ [(vs1 − ws1)− (vs1−1 − ws1−1 − a1)]+ +

(
t∗−1∑
t=s1+1

[(vt − wt)− (vt−1 − wt−1)]+

)

= h({v1 − w1, . . . , vt∗−1 − wt∗−1}) + [(vs1 − ws1)− (vs1−1 − ws1−1 − a1)]+

− ([(vs1 − ws1)− (vs1−1 − ws1−1)]+ + a1)

≤ h({v1 − w1, . . . , vt∗−1 − wt∗−1}),

where the inequality follows from the fact [b+ c]+ ≤ [b]+ + c. Similarly, we also have

h({vt∗+1 − wt∗+1, . . . , vt1 − wt1 , vt1+1 − wt1+1 − a1, . . . , vT − wT − a1}

≤ h({vt∗+1 − wt∗+1, . . . , vT − wT}).

By extending U2, . . . , Uk one by one in a similar way, we arrive at

h({v1, . . . , vT}) ≥ vt∗ + h({v1 − vt∗ , . . . , vt∗−1 − vt∗}) + h({vt∗+1 − vt∗ , . . . , vT − vt∗}).

Notice that the right hand side of the above inequality admits a valid construction

for {v1, . . . , vT}: an interval U = [1, T ] with weight a = vt∗ , together with the optimal

constructions for {v1−vt∗ , . . . , vt∗−1−vt∗} and {vt∗+1−vt∗ , . . . , vT−vt∗}. Therefore, by

the optimality of h, the above inequality must be an equality. By using the inductive
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assumption again, we thus have

h({v1, . . . , vT})

= vt∗ + h({v1 − vt∗ , . . . , vt∗−1 − vt∗}) + h({vt∗+1 − vt∗ , . . . , vT − vt∗})

= vt∗ +

(
v1 − vt∗ +

t∗−1∑
t=2

[vt − vt−1]+

)
+

(
vt∗+1 − vt∗ +

T∑
t=t∗+2

[vt − vt−1]+

)

=

(
t∗−1∑
t=1

[vt − vt−1]+

)
+

(
T∑

t=t∗+1

[vt − vt−1]+

)

=
T∑
t=1

[vt − vt−1]+,

where the last step follows from [vt∗ − vt∗−1]+ = 0 by the definition of t∗. This

completes the proof.
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Appendix B

Omitted Details of Chapter 3

B.1 Proof of Lemma 6

Proof. Fix a weak learner, say WLi. Let

U = {t : (xt, yt) passed to WLi}.

Since inequality (3.1) holds even for adaptive adversaries, with high probability we

have
T∑
t=1

1{WLi(xt) 6= yt}1{t ∈ U} ≤ (1
2
− γ)|U |+ S. (B.1)

Now fix the internal randomness of WLi. Note that Et[1{t ∈ U}] = pit =
wit

‖wi‖∞ ,

where Et[·] is the expectation conditioned on all the randomness of the booster until

(and not including) round t. Define σ =
∑T

t=1 p
i
t.

We now show using martingale concentration bounds that with high probability,

T∑
t=1

1{WLi(xt) 6= yt}pit ≤
T∑
t=1

1{WLi(xt) 6= yt}1{t ∈ U}+ Õ
(√

σ
)

(B.2)
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and

|U | ≤ σ + Õ
(√

σ
)
. (B.3)

Here, the Õ(·) notation suppresses dependence on log log(T ).

To prove inequality (B.2), consider the martingale difference sequence

Xt = 1{WLi(xt) 6= yt}1{t ∈ U} − 1{WLi(xt) 6= yt}pit.

Note that |Xt| ≤ 1, and the conditional variance satisfies

Vart[Xt|X1, X2, . . . , Xt−1] ≤ pit.

Then, by Lemma 2 of Bartlett et al. [11], for any δ < 1/e and assuming T ≥ 4, with

probability at least 1− log2(T )δ, we have

T∑
t=1

Xt ≤ 2 max

{
2
√
σ,
√

ln(1
δ
)

}√
ln(1

δ
) = Õ(

√
σ),

by choosing δ � 1
log2(T )

. This implies inequality (B.2). Inequality (B.3) is proved

similarly. Note that these high probability bounds are conditioned on the internal

randomness of WLi. By taking an expectation of this conditional probability over

the internal randomness of WLi, we conclude that inequalities (B.2) and (B.3) hold

with high probability unconditionally.

Via a union bound, inequalities (B.1), (B.2) and (B.3) all hold simultaneously

with high probability, which implies that

T∑
t=1

1{WLi(xt) 6= yt}pit ≤ (1
2
− γ)σ + S + Õ

(√
σ
)
. (B.4)
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Using the facts that pit =
wit

‖wi‖∞ and 1{WLi(xt) 6= yt} =
1−zit

2
and simplifying, we get

wi · zi ≥ 2γ‖wi‖1 − 2S‖wi‖∞ − Õ(
√
‖wi‖1‖wi‖∞)

≥ 2γ‖wi‖1 − 2S‖wi‖∞ − γ‖wi‖1 − Õ(‖w
i‖∞
γ

)

= γ‖wi‖1 − 2S‖wi‖∞ − Õ(‖w
i‖∞
γ

).

The second inequality above follows from the arithmetic mean-geometric mean in-

equality. This gives us the desired bound. The high probability bound for all weak

learners follows by taking a union bound.

B.2 Variants and Generalizations of Online Gra-

dient Boosting

We provide the omitted details of two variants of our boosting algorithms: (a) a vari-

ant that work with a different kind of base learner which does greedy fitting, and (b)

a variant that incorporates a scaling of the base functions to improves performance.

We also show how our algorithmic technique can be used to improve the convergence

speed for batch boosting.

B.2.1 Fitting to actual loss functions

The choice of an online linear learning algorithm over the base function class in our

algorithms was made to ease the analysis. In practice, it is more common to have

an online algorithm which produce predictions with comparable accuracy to the best

function in hindsight for the actual sequence of loss functions. In particular, a common

heuristic in boosting algorithms such as the original gradient boosting algorithm by

Friedman [41] or the matching pursuit algorithm of Mallat and Zhang [76] is to build

a linear combination of base functions by iteratively augmenting the current linear
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combination by greedily choosing a base function and a step size for it that minimizes

the loss with respect to the residual label. Indeed, the boosting algorithm of Zhang

and Yu [111] also uses this kind of greedy fitting algorithm as the base learner.

In the online setting, we can model greedy fitting as follows. We first fix a step

size α ≥ 0 in advance. Then, in each round t, the base learner A receives not only the

example xt, but also an offset y′t ∈ Rd for the prediction, and produces a prediction

A(xt) ∈ Rd, after which it receives the loss function `t and suffers loss `t(y
′
t+αA(xt)).

The predictions of A satisfy

T∑
t=1

`t(y
′
t + αA(xt)) ≤ inf

f∈F

T∑
t=1

`t(y
′
t + αf(xt)) +R(T ),

where R is the regret. We now describe how our algorithms can be made to work

with this kind of base learner as well.

Assume that for some known parameter B > 0, we have ‖y′t‖ ≤ B, for all t. Let

B′ = B+αD, and assume that the loss functions `t are LB′ Lipschitz and βB′ smooth

on Bd(B′). Then using the convexity and smoothness of the loss functions, we have

`t(y
′
t +αA(xt)) ≥ `t(y

′
t) +α∇`t(y′t) · A(xt) and `t(y

′
t +αf(xt)) ≤ `t(y

′
t) +α∇`t(y′t) ·

f(xt) +
βB′α

2

2
‖f(xt)‖2. Plugging these bounds into the above regret bound we get,

for any f ∈ F ,

T∑
t=1

∇`t(y′t) · A(xt) ≤
T∑
t=1

(
∇`t(y′t) · f(xt) +

βB′

2
α‖f(xt)‖2

)
+

1

α
R(T ).

Since ‖f(xt)‖ ≤ D, setting α =
√

2R(T )
βB′D

2T
, we conclude that

T∑
t=1

∇`t(y′t) · A(xt) ≤
T∑
t=1

∇`t(y′t) · f(xt) +
√

2βB′D2TR(T ). (B.5)
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This regret bound is sublinear in T if R(T ) is sublinear. We can obtain a better regret

bound if we assume that R(T ) scales linearly with α: this is a natural assumption

since the functions `t(y
′
t + αy) are αLB′ Lipschitz in the prediction y. In this case,

the regret bound R(T ) = αR′(T ) for some fixed R′ : N → R+ indepedent of α, and

we can choose α = 2R′(T )
βB′D

2T
so that

T∑
t=1

∇`t(y′t) · A(xt) ≤
T∑
t=1

∇`t(y′t) · f(xt) + 2R′(T ). (B.6)

Either the bound (B.5) or (B.6) suffices for the analysis of our boosting algo-

rithms to go through: to use this kind of base learner A, we again keep N copies

A1,A2, . . . ,AN with a suitably chosen step size α, and simply change line 11 of Al-

gorithm 10 and line 13 of Algorithm 9 to pass the offset y′t = yi−1
t to Ai.

B.2.2 Improving the regret bound via scaling

Given an online linear learning algorithm A over the function class F with regret R,

then for any scaling parameter λ > 0, we trivially obtain an online linear learning

algorithm, denoted λA, over a λ-scaling of F , viz. λF := {λf | f ∈ F}, simply by

multiplying the predictions of A by λ. The corresponding regret scales by λ as well,

i.e. it becomes λR.

The performance of Algorithm 9 can be improved by using such an online linear

learning algorithm over λF for a suitably chosen scaling λ ≥ 1 of the function class

F . Let ‖f‖′1 = max{1, ‖f‖1
λ
} be the 1-norm of f measured with respect to λF , and

B′ = min{ηNλD, inf{b ≥ λD : ηβbb
2 ≥ εbλD}}. Then we immediately get the

following corollary of Theorem 13:

Corollary 4. For any f ∈ span(F), let ∆0 =
∑T

t=1 `t(0) − `t(f(xt)). Algorithm 9,

using λA as the online linear algorithm over λF , is an online learning algorithm for

span(F) for losses in C with the following regret bound for any f ∈ span(F):
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R′f (T ) ≤
(

1− η

‖f‖′1

)N
∆0 + 3ηβB′B

′2‖f‖′1T + LB′‖f‖′1λR(T ) + 2LB′B
′‖f‖′1

√
T .

Choosing large values of λ implies that ‖f‖′1 can be significantly smaller than

‖f‖1. But B′ becomes bigger than B, and correspondingly, the parameters βB′ and

LB′ become bigger than βB and LB respectively. Also, the (lower order) dependence

on the regret term R(T ) increases by a factor of λ.

However, it turns out (see the end of section 3.2.2) that in several common ap-

plications of the algorithm, B′ can be set to be equal to B or the increase from B is

a very slow growing function of λ, such as log(λ). In such situations choosing larger

values of λ leads to improvement in the higher order terms of the regret bound, while

making the lower order term (i.e. LB′‖f‖′1λR(T )) worse; overall the regret bound

can be improved by choosing a suitably large scaling factor λ to balance between the

two.

B.2.3 Improvements for batch boosting

Our algorithmic technique can be used to improve convergence speed for batch boost-

ing as well, in the setup considered by Zhang and Yu [111]. Since the focus of this

paper is on online boosting, we give a high level comparison of the bounds here, mak-

ing some simplifying assumptions to ease the technical details, using our notation as

much as possible.

In the setup of Zhang and Yu [111], we have a base set of real valued functions

F , which we assume is symmetric and contains the zero function, 0. Then span(F)

is a linear function space, and let ‖ · ‖ be some norm defined on span(F). For clarity

of presentation, we assume that for any f ∈ F , we have ‖f‖ ≤ 1. This implies that

for any f ∈ span(F), we have ‖f‖ ≤ ‖f‖1.
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The goal is to minimize a given convex functional ` : span(F) → R over its

domain, span(F). We assume, for simplicity, that ` is β-smooth over span(F) under

the norm ‖ · ‖, i.e. for any f, f ′ ∈ span(F), we have

`(f ′) ≤ `(f) +∇`(f) · (f ′ − f) +
β

2
‖f − f ′‖2.

Zhang and Yu [111] assume16 that we have access to a base learning algorithm A

that, given any f ∈ span(F) and a step size η ≥ 0 can find a function g ∈ F that

minimizes `(f + ηg). We denote the output of A by A(f, η).

Given such a base learning algorithm, and a sequence of step sizes η1, η2, . . .,

the boosting algorithm of Zhang and Yu [111] computes a sequence of functions

f0, f1, f2, . . . ∈ span(F) via greedy fitting as follows: f0 is set to 0, and for any i ≥ 1,

fi := fi−1 + ηiA(fi−1, ηi).

Define s0 = 1 and si = si−1 + ηi for any i ≥ 1.

For any f ∈ span(f), for i = 1, 2, . . ., let ∆i = `(fi)−`(f) denote the optimization

errors of the function fi. Zhang and Yu [111] prove that for any N ∈ N, we have

∆N ≤
s0 + ‖f‖1

sN + ‖f‖1

∆0 +
N∑
i=1

si + ‖f‖1

sN + ‖f‖1

· β
2
η2
i . (B.7)

Using the techniques in this paper, we can define a different boosting algorithm

which works as follows. Given the same sequence of step sizes η1, η2, . . . as above, we

set f0 = 0, and for any i ≥ 1,

fi := (1− σiηi)fi−1 + ηiA(fi−1, ηi),

16This is a slight simplification of the base learning algorithm considered in [111], which also
performs a search over the step size η. Also, the analysis in [111] allows some optimization error for
the base learning algorithm; to simplify the comparison we assume this error is 0.
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where

σi :=


1 if ∇`(fi−1) · fi−1 ≥ 0

0 otherwise.

We can analyze this algorithm along the lines of the proof of Theorem 13. First, let

gi = A(fi−1, ηi). Then for g ∈ F , we have `(fi−1 + ηigi) ≤ `(fi−1 + ηig), and by the

convexity and β-smoothness of `, we conclude that

∇`(fi−1) · gi ≤ ∇`(fi−1) · g +
β

2
ηi.

Using this fact and following the proof of Theorem 13, we get the following bound on

the optimization error ∆i = `(fi)− `(f) of the function fi:

∆N ≤ exp

(
−sN − s0

‖f‖1

)
∆0 +

N∑
i=1

exp

(
−sN − si
‖f‖1

)
· β

2
η2
i (s

2
i + 1). (B.8)

We can compare our bound (B.8) to the bound (B.7) of Zhang and Yu [111], by

comparing corresponding terms in the bound. For each term, we can calculate how

large sN needs to be for the term to be reduced to less than some given bound ε.

To reduce the first term to less than ε our algorithm needs sN ≥ ‖f‖1 log(∆0

ε
) + s0,

whereas the algorithm of Zhang and Yu [111] needs sN ≥ (∆0

ε
)(s0 + ‖f‖1)−‖f‖1. As

for the second term, to reduce the i-th term in the sum to less than ε, our algorithm

needs sN ≥ ‖f‖1 log(
βη2i (s2i+1)

2ε
) + si, whereas the algorithm of Zhang and Yu [111]

needs sN ≥ (
βη2i
2ε

)(si + ‖f‖1) − ‖f‖1. Since in either case, the dependence on ε is

log(1
ε
) for our algorithm, whereas it is 1

ε
for the algorithm of Zhang and Yu [111], we

conclude that our algorithm converges exponentially faster.
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Appendix C

Omitted Details of Chapter 4

C.1 Projection

We prove a more general version of Lemma 11 which does not require invertibility of

the matrix A here.

Lemma 15. For any x 6= 0,u ∈ Rd×1 and positive semidefinite matrix A ∈ Rd×d,

we have

w∗ = argmin
w:|w>x|≤C

‖w − u‖A =


u− τC(u>x)

x>A†x
A†x if x ∈ range(A)

u− τC(u>x)
x>(I−A†A)x

(I − A†A)x if x /∈ range(A)

where τC(y) = sign(y) max{|y| −C, 0} and A† is the Moore-Penrose pseudoinverse of

A. (Note that when A is rank deficient, this is one of the many possible solutions.)

Proof. First consider the case when x ∈ range(A). If |u>x| ≤ C, then it is trivial

that w∗ = u. We thus assume u>x ≥ C below (the last case u>x ≤ −C is similar).

The Lagrangian of the problem is

L(w, λ1, λ2) =
1

2
(w − u)>A(w − u) + λ1(w>x− C) + λ2(w>x+ C)
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where λ1 ≥ 0 and λ2 ≤ 0 are Lagrangian multipliers. Since w>x cannot be C and −C

at the same time, The complementary slackness condition implies that either λ1 = 0

or λ2 = 0. Suppose the latter case is true, then setting the derivative with respect

to w to 0, we get w∗ = u − λ1A
†x + (I − A†A)z where z ∈ Rd×1 can be arbitrary.

However, since A(I − A†A) = 0, this part does not affect the objective value at all

and we can simply pick z = 0 so that w∗ has a consistent form regardless of whether

A is full rank or not. Now plugging w∗ back, we have

L(w∗, λ1, 0) = −λ1
2

2
x>A†x+ λ1(u>x− C)

which is maximized when λ1 = u>x−C
x>A†x

≥ 0. Plugging this optimal λ1 into w∗ gives

the stated solution. On the other hand, if λ1 = 0 instead, we can proceed similarly

and verify that it gives a smaller dual value (0 in fact), proving the previous solution

is indeed optimal.

We now move on to the case when x /∈ range(A). First of all the stated solution is

well defined since x>(I−A†A)x is nonzero in this case. Moreover, direct calculation

shows that w∗ is in the valid space: |w∗>x| = |u>x − τC(u>x)| ≤ C, and also it

gives the minimal possible distance value ‖w∗ − u‖A = 0, proving the lemma.

C.2 A Truly Invariant Algorithm

In this section we discuss how to make our adaptive online Newton algorithm truly

invariant to invertible linear transformations. To achieve this, we set α = 0 and

replace A−1
t with the Moore-Penrose pseudoinverse A†t :

17

ut+1 = wt − A†tgt,

wt+1 = argmin
w∈Kt+1

‖w − ut+1‖At .
(C.1)

17See Appendix C.1 for the closed form of the projection step.
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When written in this form, it is not immediately clear that the algorithm has the

invariant property. However, one can rewrite the algorithm in a mirror descent form:

wt+1 = argmin
w∈Kt+1

∥∥∥w −wt + A†tgt

∥∥∥2

At

= argmin
w∈Kt+1

‖w −wt‖2
At

+ 2(w −wt)
>AtA

†
tgt

= argmin
w∈Kt+1

‖w −wt‖2
At

+ 2w>gt

where we use the fact that gt is in the range of At in the last step. Now suppose

all the data xt are transformed to Mxt for some unknown and invertible matrix M ,

then one can verify that all the weights will be transformed to M−Twt accordingly,

ensuring the prediction to remain the same.

Moreover, the regret bound of this algorithm can be bounded as below. First

notice that even when At is rank deficient, the projection step still ensures the fol-

lowing: ‖wt+1 −w‖2
At
≤ ‖ut+1 −w‖2

At
, which is proven in [57, Lemma 8]. Therefore,

the entire proof of Theorem 16 still holds after replacing A−1
t with A†t , giving the

regret bound:

1

2

T∑
t=1

g>t A
†
t gt + 2(CL)2ηt . (C.2)

Similar to the discussion in Section 4.3.2, the key now is to bound the term∑T
t=1 g

>
t Â
†
t gt where we define Ât =

∑t
s=1 gsg

>
s . In order to do this, we proceed

similarly to the proof of [24, Theorem 4.2] to show that this term is of order O(d2 lnT )

in the worst case.

Theorem 23. Let λ∗ be the minimum among the smallest nonzero eigenvalues of

Ât (t = 1, . . . , T ) and r be the rank of ÂT . We have

T∑
t=1

g>t Â
†
t gt ≤ r +

(1 + r)r

2
ln

(
1 +

2
∑T

t=1 ‖gt‖
2
2

(1 + r)rλ∗

)
.
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Proof. First by Cesa-Bianchi et al. [24, Lemma D.1], we have

g>t Â
†
t gt =

 1 if gt /∈ range(Ât−1)

1− det+(Ât−1)

det+(Ât)
< 1 if gt ∈ range(Ât−1)

where det+(M) denotes the product of the nonzero eigenvalues of matrix M . We thus

separate the steps t such that gt ∈ range(Ât−1) from those where gt /∈ range(Ât−1).

For each k = 1, . . . , r let Tk be the first time step t in which the rank of At is k (so

that T1 = 1). Also let Tr+1 = T + 1 for convenience. With this notation, we have

T∑
t=1

g>t Â
†
t gt =

r∑
k=1

(
g>TkÂ

†
Tk
gTk +

Tk+1−1∑
t=Tk+1

g>t Â
†
t gt

)

=
r∑

k=1

(
1 +

Tk+1−1∑
t=Tk+1

(
1− det+(Ât−1)

det+(Ât)

))

= r +
r∑

k=1

Tk+1−1∑
t=Tk+1

(
1− det+(Ât−1)

det+(Ât)

)

≤ r +
r∑

k=1

Tk+1−1∑
t=Tk+1

ln
det+(Ât)

det+(Ât−1)

= r +
r∑

k=1

ln
det+(ÂTk+1−1)

det+(ÂTk)
.

Fix any k and let λk,1, . . . , λk,k be the nonzero eigenvalues of ÂTk and λk,1 +

µk,1, . . . , λk,k + µk,k be the nonzero eigenvalues of ÂTk+1−1. Then

ln
det+(ÂTk+1−1)

det+(ÂTk)
= ln

k∏
i=1

λk,i + µk,i
λk,i

=
k∑
i=1

ln

(
1 +

µk,i
λk,i

)
.

Hence, we arrive at

T∑
t=1

g>t Â
+
t gt ≤ r +

r∑
k=1

k∑
i=1

ln

(
1 +

µk,i
λk,i

)
.
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To further bound the latter quantity, we use λ∗ ≤ λk,i and Jensen’s inequality :

r∑
k=1

k∑
i=1

ln

(
1 +

µk,i
λk,i

)
≤

r∑
k=1

k∑
i=1

ln
(

1 +
µk,i
λ∗

)
=

(1 + r)r

2
ln

(
1 +

2
∑r

k=1

∑k
i=1 µk,i

(1 + r)rλ∗

)
.

Finally noticing that

k∑
i=1

µk,i = tr(ÂTk+1−1)− tr(ÂTk) =

Tk+1−1∑
t=Tk+1

tr(gtg
>
t ) =

Tk+1−1∑
t=Tk+1

‖gt‖2
2

completes the proof.

Taken together, Eq. (C.2) and Theorem 23 lead to the following regret bounds

(recall the definitions of λ∗ and r from Theorem 23).

Corollary 1. If σt = 0 for all t and ηt is set to be 1
CL

√
d
t
, then the regret of the

algorithm defined by Eq. (C.1) is at most

CL

2

√
T

d

(
r +

(1 + r)r

2
ln

(
1 +

2
∑T

t=1 ‖gt‖
2
2

(1 + r)rλ∗

))
+ 4CL

√
Td.

On the other hand, if σt ≥ σ > 0 for all t and ηt is set to be 0, then the regret is at

most

1

2σ

(
r +

(1 + r)r

2
ln

(
1 +

2
∑T

t=1 ‖gt‖
2
2

(1 + r)rλ∗

))
.
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Appendix D

Experiment Details

D.1 Description of Datasets

The datasets we use in this thesis come from the UCI repository18, LIBSVM

datasets19, and the HCRC Map Task Corpus20. Table D.1 shows the number of

examples, number of features and average number of nonzero features of all the

datasets we use.

Experiments in Section 3.1.5 use the following datasets: 20news, a9a, activity,

adult, bio, census, covtype, maptaskcoref, nomao, poker, rcv1, vehv2binary.

Experiments in Section 3.2.5 use the following datasets: a9a, abalone, activity,

adult, bank, cal housing, casp, census, covtype, kddcup04 (phy), letter, slice, year.

Experiments in Section 4.6 use the following datasets: 20news, a9a, acoustic,

adult, australian, breast-cancer, census, cod-rna, covtype, diabetes, gisette, heart,

ijcnn1, ionoshpere, letter, magic04, mnist, mushrooms, rcv1, real-sim, splice, w1a,

w8a.

18http://archive.ics.uci.edu/ml/
19http://www.csie.ntu.edu.tw/~cjlin/libsvmtools/datasets/
20http://groups.inf.ed.ac.uk/maptask/
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Table D.1: Attributes of datasets used in experiments

Dataset #examples avg. sparsity #features

20news 18845 93.9 101631
a9a 48841 13.9 123

acoustic 78823 50.0 50
adult 48842 12.0 105

australian 690 11.2 14
breast-cancer 683 10.0 10

census 299284 32.0 401
cod-rna 271617 8.0 8
covtype 581011 11.9 54
diabetes 768 7.0 8
gisette 1000 4971.0 5000
heart 270 9.8 13
ijcnn1 91701 13.0 22

ionosphere 351 30.1 34
letter 20000 15.6 16

magic04 19020 10.0 10
mnist 11791 142.4 780

mushrooms 8124 21.0 112
rcv1 781265 75.7 43001

real-sim 72309 51.3 20958
splice 1000 60.0 60
w1a 2477 11.5 300
w8a 49749 11.7 300

D.2 Detailed Experiment Results

The detailed error rates for Section 3.2.5 and 4.6 are summarized in Table D.2 and D.3

respectively.
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Table D.2: Average loss for Online Gradient Boosting with different weak learners

VW Regression stumps Neural Networks
Dataset Baseline Alg 9 Alg 10 Baseline Alg 9 Alg 10 Baseline Alg 9 Alg 10

kddcup04/phy 0.7475 0.7466 0.7470 0.9201 0.7733 0.7924 0.7441 0.7480 0.7446
cal housing 0.0094 0.0094 0.0104 0.0151 0.0138 0.0124 0.0096 0.0096 0.0107

casp 0.0632 0.0631 0.0630 0.0741 0.0741 0.0742 0.0639 0.0632 0.0631
a9a 0.4261 0.4283 0.4249 0.5749 0.5074 0.5758 0.4256 0.4266 0.4246

abalone 3.7263 3.7482 3.7154 6.7791 3.8273 4.2270 3.7380 3.7255 3.7212
activity 0.0334 0.0337 0.0316 0.4492 0.1454 0.3141 0.0192 0.0143 0.0186
adult 0.1055 0.1057 0.1056 0.1388 0.1261 0.1250 0.1081 0.1062 0.1081
bank 0.2971 0.2968 0.2973 0.3774 0.3240 0.3257 0.2962 0.2969 0.2969

census 0.1544 0.1545 0.1553 0.2073 0.1884 0.1789 0.1531 0.1531 0.1523
covtype 0.7256 0.7270 0.7286 0.7910 0.7986 0.7911 0.6807 0.6465 0.6757
letter 0.6441 0.5698 0.6108 0.7420 0.7087 0.7168 0.6542 0.5729 0.6108

shuttle 0.1616 0.1547 0.1577 0.8551 0.3678 0.4354 0.0760 0.0694 0.0802
slice 0.0076 0.0067 0.0065 0.0559 0.0362 0.0410 0.0054 0.0022 0.0044
year 0.0116 0.0119 0.0115 0.0152 0.0140 0.0141 0.0116 0.0119 0.0122
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Table D.3: Error rates for Oja-SON and AdaGrad

Dataset
Oja-SON

AdaGradWithout Diagonal Adaptation With Diagonal Adaptation

m = 0 m = 10 m = 0 m = 10

20news 0.121338 0.121338 0.049590 0.049590 0.068020
a9a 0.204447 0.195203 0.155953 0.155953 0.156414

acoustic 0.305824 0.260241 0.257894 0.257894 0.259493
adult 0.199763 0.199803 0.150830 0.150830 0.181582

australian 0.366667 0.366667 0.162319 0.157971 0.289855
breast-cancer 0.374817 0.374817 0.036603 0.036603 0.358712

census 0.093610 0.062038 0.051479 0.051439 0.069629
cod-rna 0.175107 0.175107 0.049710 0.049643 0.081066
covtype 0.042304 0.042312 0.050827 0.050818 0.045507
diabetes 0.433594 0.433594 0.329427 0.328125 0.391927
gisette 0.208000 0.208000 0.152000 0.152000 0.154000
heart 0.477778 0.388889 0.244444 0.244444 0.362963
ijcnn1 0.046826 0.046826 0.034536 0.034645 0.036913

ionosphere 0.188034 0.148148 0.182336 0.182336 0.190883
letter 0.306650 0.232300 0.233250 0.230450 0.237350

magic04 0.000263 0.000263 0.000158 0.000158 0.000210
mnist 0.062336 0.062336 0.040031 0.039182 0.046561

mushrooms 0.003323 0.002339 0.002462 0.002462 0.001969
rcv1 0.055976 0.052694 0.052764 0.052766 0.050938

real-sim 0.045140 0.043577 0.029498 0.029498 0.031670
splice 0.343000 0.343000 0.294000 0.229000 0.301000
w1a 0.001615 0.001615 0.004845 0.004845 0.003633
w8a 0.000101 0.000101 0.000422 0.000422 0.000221
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